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FOREWORD

Guest Editorial for JASI special issue

In this special edition of JASI, we present a range of articles on sound and structure interaction.
Being a fundamental topic, it has relevance to all aspects of life: science, art and engineering.
Accordingly, there are six articles, one on the theory of sound and structure interaction, two
covering musical acoustics and three on the effects of materials on sound propagation.

In the first article, that is a numerical study, Jaykumar Bhalodia and Abhijit Sarkar examine the
fully coupled interaction of an infinite 1-D plate with an acoustic half space. The authors use a
clever strategy to replace the analytical model of an infinite beam with that of a finite beam having
suitable boundary conditions. This work opens up possibilities of conducting several more
fundamental studies.

The next two articles focus on the acoustics of two Indian percussion instruments. The first is by
Sooraj G. and Chandramouli Padmanabhan who present a detailed and meticulously made set of
experiments on the mridangam, a south Indian drum. This drum is an invariable accompaniment
in Karnatic music. Their objective is to understand the coupling between the cavity and the
membrane. The second article by Ankit, Saptarshi, Vishal and Anurag presents a study of the
acoustics of another south Indian drum. Known as the Mizh~vu, it is a primary accompaniment
in the Sanskrit theatre forms of Kerala. Sounds from the Mizh~vu were recorded and the spectrum
was subsequently used for modeling. Both the studies construct detailed FEM models to match the
data and understand the acoustic signatures.  It is encouraging to see such studies happening at
Indian universities. India is an ancient culture, where many traditions are passed down without
the written word from the teacher to the student. These scientific studies will help preserve the rich
traditions.

Finally, the last three articles examine materials and their effect on sound. Investigations on special
materials (metamaterials or bio-inspired materials) or designs that affect absorption or transmission
of sound in very specific ways are on the rise in the scientific world. In this context, Sripriya
Ramamoorthy and Shanker Krishnan study porous materials with a dual purpose of sound and
thermal insulation. This has definite applications to the automobile and the building construction
industry. The article has a very detailed literature survey and is comprehensive in examining the
parameters influencing the dual objective. Following this, authors Hase, Mirza, Akiwate and
Venkatesham present an experimental technique for conducting modal analysis of light and delicate
structures such as straws. Non-contacting excitation and measuring systems are used. This could
be useful in the future metamaterial designs for acoustics. Lastly, authors Mishra, Parida and
Panigrahi present a detailed optimization study for acoustic lining of underwater vehicles. A
conflict of objectives exists where echo should be low for stealth and transmission should be low
for comfort and communication. The authors conduct a parametric study to achieve the objective
over a wide frequency range.

Let me conclude this editorial by expressing my gratitude to Dr. Bishwajit Chakraborty for inviting
me to put together this special issue. I am thankful to all the authors for their erudite and timely
contributions. I also acknowledge the reviewers for their valuable suggestions. And finally, many
thanks to my co-editor Prof. Abhijit Sarkar for conducting the entire process so smoothly.

Prof. Venkata Sonti Prof. Abhijit Sarkar
Guest Editor - JASI Guest Co-Editor - JASI
Mechanical Engineering, Mechanical Engineering,
Indian Institute of Science, Bangalore Indian Institute of Technology, Madras
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ABSTRACT

In this work, we review the analytical solutions presented by Crighton [1, 2] on the structural
response of a semi-infinite plate submerged in an acoustic half-space and excited by a line
harmonic forcing. Despite its mathematical rigour, Crighton did not present any validation of the
derived results using numerical or experimental methods. In this article, we propose a novel
simulation methodology in a commercial FEM package (ANSYS) to simulate the same problem.
Using beam elements mounted on appropriately tuned linear and torsional dampers the effect of
infinite structural domain is simulated. The infinite acoustic half space is modeled using the inbuilt
acoustic infinite elements in ANSYS. The results obtained using these two methods are shown to
correlate well.

1. INTRODUCTION
Structural acoustics studies incorporate the effect of ambient acoustic pressure on the dynamics of

the structure.  The ambient acoustic fluid exerts an acoustic loading on the vibrating structure due to which
the structural response gets modified from the in vacuo response. The structural response in turn modifies
the acoustic field, thus constituting a two way coupled problem. The area of structural acoustics is of
major importance in naval applications involving underwater structures.

Structural acoustics is a classical field of study. Different approaches have been adopted for the study
of structural acoustic problems. These include numerical, experimental and analytical approaches.
Numerical techniques are mainly based on Finite Element Method (FEM), Boundary Element Method
(BEM), FE-BE Method. Experimental investigation includes structural velocity/acceleration measurement
and acoustic pressure/intensity measurement. Despite its importance, there have been very few analytical
studies reported in the literature. In this regard, the works of Crighton[1, 2] deserve a special mention.
Employing the rigorous approach of complex analysis, he was able to present approximate analytical
solutions for  the structural acoustics of a fluid-loaded semi-infinite plate under the action of different
harmonic loading conditions. The analytical approach of his works brought out illuminating insights
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regarding the nature of fluid-loading. For example, Crighton rigorously established conditions for light,
moderate and significant fluid loading on the structure.

Unfortunately, the rigorous and sophisticated analytical treatment of Crighton's work has remained
largely inaccessible  for most practicing engineers. In fact, most results presented by Crighton are in the
form of analytical formulae and deep physical insights associated with the derived formulae. He has very
rarely presented his results in a graphical form which appeals to  practicing engineers. Further, a major
critique of his works has been that despite the correctness of his mathematical treatment, he has not
presented any validation of his derived results.

The objective of this work is to present a validation of the analytical results presented by Crighton.
Towards this end, an FEM-based simulation using a commercial package (ANSYS) is proposed. Although
in-built acoustic infinite elements are available in ANSYS for simulating the infinite acoustic half space,
the modeling of the infinite structural domain through FEM is challenging. A novel concept of using tuned
linear and torsional dampers to emulate the anechoic condition in the structure is proposed. The results
obtained using the analytical method are compared with the results obtained using FEM simulation.

2. IN VACUO STRUCTURAL ANALYSIS
We consider an infinite plate in the x-z plane excited by a uniform line harmonic force (along the

z-direction)  applied at x = 0 (refer Figure 1).  Due to the above line harmonic loading along the z-direction,

none of the physical quantities have any variation along the z direction viz. z
∂
∂  = 0. All harmonic quantities

are denoted by a complex exponential of the form  e–iωt. In consonance with[2], we refer to this structure

as the semi-infinite plate structure. Incorporating the condition 
z

∂
∂  = 0, the governing equations for the

harmonic response of the plate excited by a line force is given by
3 4

2
2 4

( )
  – ( ) = ( )

12(1– )
p Fo

p F oo

E h d x
h x F x

dx

η
ρ ω η δ

ν (1)

Fig. 1. Schematic illustration of an in vacuo semi-infinite plate under harmonic line force excitation.

(a) 3D view (b) 2D view

Here, Ep is the Young's modulus for the plate, ν is the Poisson's ratio, h is the plate thickness, ρp is the
density of the plate material, ω is the angular frequency and ηFo(x) is the flexural displacement of the
plate. The applied line harmonic force is given by Foδ(x) where Fo is the magnitude of applied force and

δ(x) is the delta function centred at x=0. Note, 
3

212(1 – )
pE h

ν
 is the flexural rigidity of a plate and m = ρph is

the mass per unit area of the plate.
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2.1 Analytical Solution
The solution of the above equations is available in the literature[4, 5]. Here, we present the results for

completeness. In order to solve the above equation, a Fourier transformation from the spatial domain (x)
to wave number domain (kx) is applied. The forward and inverse wave number transforms of a function
f(x) are given as

( ) ( ) ( )
– –

1
, ( )

2
ik x ik xx x

x x xF k f x e dx f x F k e dk
π

∞ ∞−
∞ ∞

= =∫ ∫ (2)

Using the properties of wave number transform pair, equations (1) is simplified as follows:

η− =4 4( ) ( ) o
x p F xo

F
k k k

D
(3)

In the above, kp = (mω2/D)1/4 is the in vacuo flexural wave number. For obtaining the spatial domain
response,  inverse Fourier transform is applied on the above equation to give

( )η
π

∞

∞
=

−∫ 4 4–2

ik xx
o

F xo
x p

F e
x dk

D k k (4)

Evaluation of the above improper integrals can be accomplished using complex analysis. We
demonstrate this approach for x > 0 using the semi-circular contour as illustrated in Figure 2a.  The poles
of the integrand function  occur at kx = ± kp, ± i kp. The residues at these poles  are given as

( )

3

–

3

3

3

 for the simple pole at  = ,
4

–
 for the simple pole at  = – ,

4
Residue ( )

– –
 for the simple pole at  = ,

4

 for the simple pole at  = ,
4

ik xp

x p
p

ik xp

x p
p

x
p

x p
p

k xp

x p
p

ie
k k

k

ie
k k

k
f k

e k x
k ik

e
k ik

k

κ

⎧
⎪
⎪
⎪
⎪
⎪
⎪= ⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎩

(5)

Fig. 2. (a) Closed semi-circular contour C0 with interior pole at ikp and the poles ± kp on the contour.
Note, R→∞. (b) Modified contour C0 for x > 0: poles kp and ikp lie interior to the contour.

 In Figure 2a, the location of the poles in the complex kx plane is shown by dots. It is evident that the
pole at ikp lies inside the contour whereas the pole at -ikp lies outside the contour. The poles on the real
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axis  ± kp lie on the contour. Recall, the Cauchy integral theorem does not specify whether the residue
contribution of the poles on the contour need to be accounted for. Thus, at this stage physical reasoning
is invoked to resolve this ambiguity.

Note, that the residue corresponding to kx = kp leads to a forward travelling wave (recall we use
e–iωt convention). Similarly, a backward travelling wave is induced due to the residue corresponding to
kx = –kp. Due to causality, we understand that for the present line loading at x = 0, only a forward travelling
wave is expected in the region x > 0. A backward travelling wave in the region x > 0 is physically
implausible. Thus, in the application of the Cauchy integral theorem, we need to account for the residue
corresponding to the pole at kx = kp but ignore the residue contribution corresponding to the pole at
kx = –kp. Alternatively, we may implement the Cauchy integral theorem by perturbing the contour slightly
in the form shown in Figure 2b. As illustrated in the figure, the pole at kp lies interior to the perturbed
contour but the pole at –kp falls outside the perturbed contour. Cauchy integral theorem may thus be
applied over this modified contour taking residue contributions of all poles lying interior to this modified
contour.

Thus, using Cauchy residue theorem and Jordan's Lemma ηFo(x) is calculated as follows for x > 0

–

3
( ) =  – 

4
ik x k xp po

Fo
p

F
x ie e

Dk
η ⎡ ⎤

⎢ ⎥⎣ ⎦ (6)

The  non-dimensional form of the above equation is formulated as

–*
3 3

( ) 1
( ) =  =  – 

4( )
iF p po

Fo
o p

x D
ie e

F L
κ χ κ χη

η χ
κ

⎡ ⎤
⎢ ⎥⎣ ⎦ (7)

In the above equation, non-dimensional group of parameters are: κp = kph and χ = x/h represents the
non-dimensional in vacuo structural wave number  and non-dimensional spatial variable, respectively.
Further, κp can be interpreted as the non-dimensional frequency. η*Fo 

(χ) is the non-dimensional deflection.
For x < 0, similar formula for the non-dimensional deflection can be derived.

2.2 Equivalent FEM model
The governing equation of an Euler-Bernoulli beam under a point harmonic force Fo acting at x=0 is

given as[4]

( )
4

2
4

( )
( )Fo

b b b F oo

d x
E I A x F x

dx

η
ρ ω η δ− = (8)

Here, Eb is the Young's modulus, Ib = 
3

12
bbh

 is the area moment of inertia, ρb is the material density, A

is the cross-sectional area of the beam.

The above equation is similar in nature to  equation (1), both being fourth order linear ordinary

Fig. 3. Finite beam mounted on appropriately tuned linear and torsional
dampers is equivalent to a semi-infinite plate.

(a) Equivalent finite beam and damper (b) Semi-infinite plate under line force
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differential equations. The constant terms in the equations though, have different physical meaning. Thus,

the terms 
3

212(1 – )
pE h

ν  and ρph  in the semi-infinite plate equation is analogous to the terms EbIb and ρbA in

the beam equation, respectively. Thus, a beam with Eb = 21 –
pE

ν
 and b = 1 is equivalent to a semi-infinite

plate.

The objective of the present study is to formulate an analogy between the finite beam response and
the semi-infinite plate response. The analogy is clear from the similarity of the governing differential
equations for these two cases as presented above. However, the semi-infinite plate considered in equation
(1) is of infinite extent (viz. ∈ (-∞, ∞)). To complete the analogy, we need to derive the appropriate boundary
conditions on the finite length beam such that the response of the beam within the finite span x ∈ (-l, l) is
equivalent to the response of the semi-infinite plate within the region x ∈ (-l, l). Note, an incident wave
along x for a semi-infinite plate does not lead to any reflected waves. Similar anechoic conditions in the
equivalent finite length beam is achieved by mounting it on appropriately tuned linear and torsional
dampers at its ends (refer Figure 3a).

Next, we proceed to evaluate the appropriate damping co-efficient of the linear and torsional dampers.
As illustrated in Figure 4, consider a semi-infinite beam  x ∈ (-∞, 0) having a free end at x = 0. A forward
travelling incident wave in the beam is given by: ηi(x) = Aeikx. A reflected wave is induced due to boundary
conditions at x = 0. The reflected wave is given by: ηr(x) = Be–ikx + Cekx. The total response as a
superimposition of the incident wave and the reflected waves is given by ηt(x) = ηi(x) + ηr(x).

Linear and torsional dampers are placed at x = 0. The damping coefficients for the linear and torsional
dampers are given by cl and ct, respectively. Reaction force from the linear damper is Vl = –iclωηt(x) and

the reaction moment from the torsional damper is Mt = 
( )

– t
t

d x
i c

dx
ηω . The shear force at any section of beam

is given by EbIb 
3

3
td

dx
η

 and the bending moment is given by EbIb

2

2
td

dx
η . The force balance and moment balance

at x = 0, is given by

Fig. 4. Schematic illustration of flexural waves in semi-infinite beam (equivalent to beam mounted on
tuned linear and torsional dampers). The reaction loads due to dampers are illustrated in the figure.

3

3

( )
0 0

lt
b b

Vd x
E I

x xdx

η =
= = (9a)

2

2

( )
–

0 0
tt

b b

Md x
E I

x xdx

η =
= = (9b)

The above equations are solved for B and C in terms of EbIb, k, cl, ct, ω, A. For brevity, the functional
form of the solutions are not presented here. For the subsequent discussions we assume B = B(Eb, Ib, k, cl,
ct, ω, A) and C ≡ C(Eb, Ib, k, cl, ct, ω, A). As discussed earlier, for formulating the analogy we need to impose
the non-reflecting condition which implies B = C = 0. Thus, we have
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( ) ( ), , , , , 0, , , , , , 0b b l t b b l tB E I k c c A C E I k c c Aω ω= = (10)

Equation (10) is solved using the symbolic computation package in (Matlab). Using the above two
relations, the damping coefficients cl and ct are obtained as

3

,  b b b b
l t

E I E I
c c

k k
ω ω

= = (11)

Thus, a semi-infinite beam terminated by a linear and a torsional damper with damping coefficients
as given by the above relation emulates the anechoic condition at the support location (refer Figure 3).
These tuned dampers at both the ends act as anechoic termination points on either side. In this
configuration, the finite beam does not have any reflecting wave from its ends x = ± l. This resembles the
condition of the semi-infinite plate. The displacement of the finite beam mounted on the above dampers
at its ends is simulated using Finite Element Method (FEM) (refer Figure 3a). The FEM simulation is
implemented using the commercial package ANSYS 16.0.

In ANSYS, we model a finite beam of length 2l, and dampers are attached to its free ends (x = ± l). In
ANSYS,  BEAM3 or  BEAM23  element can be used with zero shear correction factor to model a beam
element[9]. Using a zero shear correction factor effectively reduces the Timoshenko beam element to the
Euler-Bernoulli beam element. Dampers are modelled with the COMBIN14 element in ANSYS[9]. Damping
coefficients are calculated from equation (11). Harmonic excitation is applied at the mid-point of the beam
structure (x = 0) and the response of the finite beam is obtained. As dictated by the equivalence condition
discussed earlier, the width of the beam is chosen to be unity and the Young's modulus of the beam

material is taken as  Eb = 21
pE

ν−
.

2.3 Results and Discussion
The non dimensional frequency response function (FRF) is evaluated at the excitation point using the

analytical solution (refer equation (7)) and the ANSYS simulation. The result for the drive point FRF is
shown in Figure 5. Such FRF results are insightful in presenting an equivalent lumped system model
between the input excitation and the output response. The deformation at all points in the structure at
non-dimensional frequency kp = 20.458 is presented in Figure 6. As is evident from these results, the
response calculated using the analytical solution procedure and the  FEM simulation are in close agreement.

Fig. 5. Drive point FRF of a semi-infinite plate
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3. COUPLED STRUCTURAL ACOUSTICS
In this section, the in vacuo structural dynamics is generalized by considering an infinite acoustic half

space on one side of the plate structure (refer Figure 7).  Such a model is referred to as the fluid-loaded
plate model. Both analytical formulation and the FEM solution procedure is discussed for this model.

Fig. 6. In vacuo response of the semi-infinite plate

Fig. 7. Schematic illustration of fluid-loaded infinite plate subjected to a harmonic line forcing.

3.1 Formulation
As in the previous section, we consider an infinite plate in the x – z plane. Harmonic line forcing is

applied at x = 0 along the z-direction.  In the region y > 0,  an acoustic fluid of density ρf is present while
the region y < 0 is vacuum (refer Figure 7).  The effect of acoustic fluid was neglected in the in vacuo
analyses discussed in the previous section.  Due to the acoustic loading  on the plate, its response is not
the same as the in vacuo response. Likewise, the coupled structural response changes the acoustic pressure
distribution in comparison to an uncoupled acoustic pressure distribution. Crighton[1] studied the coupled
response of a semi-infinite plate under harmonic line force excitation. In this section, we present these
derivations for completeness.

The coupled structural acoustic equations for line harmonic force is given as[1]

( ) ( )
43

2
2 4

( )
( ,0)

12(1 )
Fo

p o

d xEh
h x F x p x

dx

η
ρ ω η δ

ν
− = −

− (12)
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In above equation, acoustic pressure on the plate is given by p(x, 0) = i ω ρf φ (x, 0) , where φ (x, y) is
the acoustic potential and ρf is the fluid density.  Helmholtz equation for acoustic fluid is given as[2]

( ) ( )2 2, , 0ox y k x yφ φ∇ + = (13)

Velocity of the acoustic fluid along y is given by va(x, y) = y
φ∂

∂  and  the acoustic wavenumber is given

by ko = ω/cf (cf is the sound speed in the acoustic medium). At the fluid structure interface, the structural
velocity, vp(x) = –iωηFo(x)  is equal to the acoustic velocity, va(x, 0). Imposing this continuity condition at
the interface, we get the following equation

( ) ( ) ( ) ( ),0
,0  p a Fo

x
v x v x i x

y

φ
ωη

∂
= ⇒ − =

∂ (14)

Applying spatial Fourier transform on equation (13) we get,

2
2

2

2
2 2 2 2

0

2

2

( , )
  ( ,  )  0

( , )
( , ) 0 

(– ) ( ,  ) 

where,

+ 

 

x
x

o x

x
x

x

x

ik k
k y

k k y
y

k y
k y k k

y

y
φ φ

φ γ

φ

φ γ

∂
+ =

∂

∂
⇒ − = = −

∂

The solution of the above equation is given by φ(kx, y) = Ae–γy + Beγy, where A and B are undetermined
constants.

Note, in the acoustic domain y > 0.  Dictated by the requirements of physical plausibility, the valid
solution of the Helmholtz equation is φ (kx, y) = φ (kx, 0) e–γy, where γ  is given as
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Similarly, applying a spatial to a wavenumber domain transformation on equation (14) and substituting
the relation φ (kx, y) = φ (kx, 0) e–γ y in it, we get the following equation
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Taking the wave number transform of equation (12) and using the above simplifications we get
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In the above equation, kp = (mω2/D)1/4 represents the in vacuo flexural wave number. Finally, ηFo(x)
is obtained by taking the inverse Fourier transform of the above equation.
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3.2 Coupled Dispersion Equation
The denominator of the integrand in the above equation equated to zero is referred to as the coupled

dispersion equation. The coupled dispersion equation is given by
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4 4 4( ) 0x p pk k k    (19)
Roots of this  equation are called the coupled wavenumbers for the semi-infinite fluid-loaded plate.

This dispersion equation and its roots are studied extensively in the literature. Dispersion equation in the
non dimensional form is given as follows[2].
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parameter which is independent of frequency and depends only on material properties of the fluid and
the structural medium. M is called the Mach number as it is the ratio of wave speed in the plate to the
sound speed in fluid. At M=1, the uncoupled structural and the fluid wavenumber become identical. The

corresponding frequency is called the  critical or coincidence frequency 
4
f

g
mc
D
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To evaluate the roots of equation (19), a fifth order polynomial in  is obtained from the dispersion
equation[3, 6]. This equation is given as

 5 2 3 4 4 42 ( 0o o p pk k k k        (21)

In  equation (21), each root of  gives two roots of 2 2
0xk k   . Thus, we get 10 roots. Detailed

discussion regarding acceptability of these roots are given in[3] and[6]. Crighton[7] gave asymptotic
approximations for these roots.

Two root configurations corresponding to (a) frequency less than the coincidence frequency and (b)
frequency greater than the coincidence frequency are  shown in Figures 8 and 10, respectively.  For the
case (a), the roots are having following nature:  One +ve real root (1), two -ve real roots (4  and 5) and a
pair of complex conjugate roots (2 and 3) (refer Figure 8). Conjugate roots lie in the first (2) and fourth
(3) quadrant of the  plane. As argued by Crighton[3] and Strawderman[6], the negative real roots are not
acceptable for the residue contribution for x > 0. Among the conjugate roots, only 2 is acceptable.
Corresponding to the roots in the -plane shown in Figure 8, the kx-plane roots are shown in Figure 9. In
this figure, the roots k1 and k2 are obtained from the root 1, and the roots k3 and k4 are obtained from the

Fig. 8. -plane: Roots for = 0.131 and M = 0.323
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Fig. 9.  kx-plane: Roots for ∈ = 0.131 and M = 0.323

Fig. 10.  kx-plane: Roots for ∈ = 0.131 and M = 1.085

root γ2. Thus, the acceptable roots for the residue contribution are k1, k3 (for x>0) and k2, k4 (for x<0) as
shown in Figure 9.

Root configuration (b) is observed above the coincidence frequency which is shown in Figure 10. In
this configuration, nature of the roots is as follows: One +ve real root (γ1), two pairs of complex conjugate
roots (γ2, γ3, γ and γ4, γ5).  γ2 lies in first quadrant whereas γ3 lies in the fourth quadrant. Likewise, γ4  lies
in the second quadrant while γ5 lies in the third quadrant of the γ-plane (refer Figure 10). As argued by
Crighton[3] and Strawderman[6], among the above roots the acceptable roots are γ1 γ2, and γ5. The
corresponding roots on the kx-plane are shown in Figure 11. In this figure, the acceptable roots are k1, k3,
k9 (for x>0) and k2, k4, k10 (for x<0). Roots k9 and k10 are called leaky waves and its contribution in the
residue is accounted only if |ko| > |kleaky| (refer[3] and [8]).
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Fig. 11.  kx-plane: Roots for ∈ = 0.131 and M = 1.085

Fig. 12. Contour for frequencies
below coincidence

Fig. 13. Contour for frequencies above
coincidence frequency

3.3 Contour Integration
The integral in equation (18), is evaluated using contour integration. For x>0, Figures 12 and 13

illustrates the contours for frequencies below and above coincidence, respectively. In Figure 12, the contour
encloses the poles k1, k3 and k6. Among these three poles, only the poles k1 and k3 are valid. In Figure 13,
the contour encloses poles k1, k3, k6, k8 and k9. Among these five poles, only the poles k1, k3 and k9 are
valid for x>0.

Here, the semi-circular contour portion HR will have zero contribution as per Jordan's lemma. Integral
S1 and S2 are the branch cut integrals which need to be considered in the response calculation. Using the
Cauchy integral theorem, contour integration can be evaluated in terms of residue. So, the improper
integral is obtained as follows
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The residue of  f(kx) is given as follows:
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The branch cut integral in the contour integral is given by
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Using these results, the non-dimensional form of the structural response of the plate is given by
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In this work, the integral above is computed through numerical quadrature.

Here, the non-dimensional parameters are defined in the following manner: k     = kh, χ = x/h, µ*= µh. As
discussed earlier, for frequencies below the coincidence frequency the residues corresponding to poles at
k1 and k3 are accounted. Likewise, for frequencies above the coincidence frequency, the residues
corresponding to poles k1, k3 and k9.

3.4 Finite Element Method
In the previous section, we discussed the FE modelling procedure for the uncoupled analysis of the

semi-infinite plate. In the coupled problem, we need to additionally model the unbounded acoustic domain
for the region y > 0. Here, we explain the FEM model development in ANSYS for the coupled analysis of
the semi-infinite plate.

As discussed in section 2.2, a semi-infinite plate is modelled as an equivalent beam placed on tuned
linear and torsional dampers as shown in Figure 14. The acoustic domain is modelled as a semi-circular
finite domain with radius l. The
interior of this region is modelled with
acoustic FLUID29 elements. In order
to simulate an unbounded acoustic
domain, we apply a layer of infinite
elements  FLUID129 as shown in
Figure 14[9]. Infinite element
incorporates an anechoic condition at
the semi-circular boundary, thus
simulating the effect of an unbounded
acoustic domain. At the common
nodes between the fluid and the
structure, the kinematic continuity is
enforced. Fluid elements in contact
with the beam are modified as
interacting elements with structure[9].
Coupled harmonic analysis is
performed on this FE model. Fig. 14. FEM model for coupled semi-infinite plate
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3.5 Results and Discussion
Analytically, the coupled structural response of a semi-infinite plate under line force is given by

equation (25).  The results obtained from these relations are plotted in Figure 15.  The deformation plots
at representative frequencies below and above the coincidence frequency are shown in Figures 15a and
15b, respectively.  The drive point frequency response function (direct FRF) is plotted in Figure 16 Also,
overlaid in these figures are the corresponding results obtained through FE simulations. The non-
dimensional parameters used for these results are tabulated in Table 1. The table also presents the complex
poles κ1, κ3, κ9  used in the computation of the response. Note, κ9  is not used in the computation of the
response for frequencies below the coincidence frequency. Excellent correlation of the results obtained
using the two methods is noted.

Fig. 15. Coupled structural response of a semi-infinite fluid loaded plate under line force excitation

(a) Deformation plot for below coincidence frequency

(b) Deformation plot for above coincidence frequency

Table 1.  Values of the non-dimensional parameters used for the results shown in Figures 15 and 16.

M κκκκκp κκκκκ0 κκκκκ1 κκκκκ3 κκκκκ9

0.819 20.458 16.755 26.132 4.551+22.700 i undefined
1.158 28.932 33.510 37.786 4.678+30.433i 28.952+9.290i
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4. CONCLUSION
In this article, we have reviewed a classical solution in structural acoustics, namely that of a semi-

infinite plate submerged in an acoustic half space and excited by a harmonic line forcing. The analytical
solution of this problem was given by Crighton[1, 2]. However, in Crighton's works no validation of the
results were presented. In the present study, we rework the solution using FEM simulation in a commercial
package (ANSYS). The FEM simulation is accomplished by using the analogy between the semi-infinite
plate and the beam equations. Further, the infinite structural domain is modeled by placing the ends of
the beam structure on appropriately tuned linear and torsional dampers. The damping coefficients of these
dampers have been suitably chosen such that the anechoic end conditions are incorporated by the structure.
The in-built infinite acoustics elements in ANSYS are used to simulate the infinite acoustic domain. To
the best of our knowledge, this simulation methodology has not been reported in the literature. The
solutions obtained using the above simulation methodology correlates well with the analytical solutions
presented by Crighton. For brevity, in the present work, we have reported results only for the structural
response. A more complete analysis with the inclusion of the acoustic results is given in[10]. It is envisioned
that the present review of Crighton's work together with its validation employing FEM based simulation
will make his works more accessible to practicing engineers and young researchers in the field of structural
acoustics.
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ABSTRACT

The mridangam, a south Indian drum, produces harmonic musical notes. This is believed to be
due to the central mass loading of the right side membrane, called Karanai. This paper investigates
whether this is due to the fact that the first few in-vacuo modes are integer multiples or this
happens due to the vibro-acoustic interactions of the Karanai and possibly the membrane on the
left side (called Thoppi) with the enclosed acoustic cavity. To achieve this objective, initially, finite
element models of the membranes, as well as the enclosed acoustic cavity, are generated. These
models are validated by carrying out carefully conducted experiments on the individual
components. From these models, it is established that the in-vacuo natural frequencies of the
Karanai are already integer multiples, while those of the Thoppi is not so. Following this, the acoustic
and membrane finite element models are coupled together; the coupled system response to
standard finger stroke excitation is obtained. The results clearly demonstrate that vibro-acoustic
coupling happens only between the axi-symmetric membrane modes and axial acoustic modes.
However, the coupling has no significant effect in changing the response of the Karanai membrane.
For the Thoppi the only significant effect is around the first coupled-mode frequency. Hence, one
can conclude that the acoustic cavity has no major role in the musical notes' generation.

1. INTRODUCTION
In the past century, only a few investigations, on the vibro-acoustic characteristics of mridangam and

similar Indian drums, have been reported. Most of these have been experimental investigations on fully
assembled instruments, while a few have focused on building analytical models primarily for the vibration
of the centrally loaded membrane, called Karanai.  Raman and Kumar[1] were the first to observe the
sustained intensity of the first three harmonics of tuned Indian drums. They had also commented on the
importance of the heterogeneous composite membranes and the central mass loading. A decade later,
Raman[2] took a significant step towards understanding of such drums . It is the first modern day article
to elaborate on the characteristics and construction of a mridangam. However, the experimental results
and images shown seems to be from the Syahi of a Tabla; it must be noted that the Karanai of a mridangam
and the Syahi of a Tabla are closely related. He showed that the natural frequencies, were integer multiples
due to the presence of the central mass loading and some of these involved degenerate modes of the
composite membrane. Rossing[3] provided more details about these degenerate modes and their
superposition.
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An analytical model for the centrally loaded membranes (Karanai/Syahi), proposed by Ramakrishna
and Sondhi[4], showed very good correlation with the experimental observations by Raman[2]. This model
was far more physically accurate and realizable compared to the earliest model by Ghosh[5] or later by
Malu and Siddharthan[6]. The natural frequencies and mode shapes were obtained using Bessel's functions,
with compatibility enforced at the interface between the loaded and unloaded regions. The density and
diameter ratios between the loaded and unloaded regions are the key parameters governing the design.
Bridge and Keshavan[7] used several trigonometric functions in a Galerkin formulation to obtain the
approximate natural frequencies and mode shapes of the bi-density membrane; they validated their results
with those of Ramakrishna and Sondhi[4]. Sathej and Adhikari[8] proposed analytical models for the
membranes of a Tabla, which were solved using a high resolution Fourier- Chebyshev collocation method,
while Sarojini and Rahman[9] proposed variational methods to model both the membranes of a Tabla. All
these authors implicitly assumed that the in-vacuo modes of the membrane were already integer multiples;
the influence of the enclosed acoustic cavity towards determining the instrument's harmonic notes was
never considered.

Gottlieb[10] investigated the effect of the air cavity behind a drum membrane. It was found that there
was only a slight increase in the fundamental frequency, with no significant change for other modes; the
analytical method considered only axi-symmetric modes of the membrane. Christian et al.[11] studied the
effect of the air cavity below the membrane on the acoustics of a kettledrum. The key observation was
that the air cavity makes the instrument with a simple membrane (uniform density, circular membrane)
harmonic. But, the frequency shifts were found to be more sensitive to the total kettle volume than its
geometry details. A similar observation was made with respect to the Tabla in a more recent paper[12],
where the cavity influenced the left-hand instrument more than the right hand one.

Bhat[13] investigated the effect of air-cavity on the vibration of the mridangam membrane (Karanai) by
considering only the axi-symmetric membrane modes. This is due to the assumption that with the
kettledrum effect of the cavity only these vibrations can be sustained. He concludes that the lowest axi-
symmetric mode is influenced significantly by the acoustic pressure. Only when a certain non-dimensional
parameter, involving the speed of sound in air, the radius of the drum, volume of air in the cavity and
tension, becomes large do the frequencies become harmonic. It is stated in the paperthat the in-vacuo
modes are not harmonic (which corresponds to the non-dimensional parameter being zero). This is the
only research paper (to the best of the authors' knowledge) where at least a limited form of vibro-acoustic
coupling has been considered in the study of mridangam.  A recent conference paper, by Gupta et al.[14],
studies the vibro-acoustic coupling in the context of the dholak, a similar bi-facial drum as the mridangam.

As can be seen from the review, only limited research on mridangam and related Indian percussion
instruments has been carried out. The only paper dealing with the vibro-acoustics of the mridangam used
simplifying assumptions about the effect of the acoustic cavity to arrive at the conclusion that the in-vacuo
modes of the Karanai membrane are not harmonic. Further, almost no one has investigated the dynamics
of the Thoppi and its interaction with the air cavity as well as the Karanai, if any. The broad objective of
this paper is to use a finite element framework, to help understand the true nature of the coupling between
the membranes and the acoustic cavity in between them. The framework helps minimize the assumptions
to be made about the vibro-acoustic interactions, as well as help model the actual geometry. To accomplish
this finite element (FE) models are generated independently for the Karanai, Thoppi and acoustic cavity.
Each of these models are validated by carrying out well designed experiments; the wooden shell has been
neglected as it is found to play an insignificant role. Following this the coupled vibro-acoustic model is
generated from the individual component models. The response of the membranes to standard finger stroke
excitation is studied using this coupled model.

2. COMPONENT MODELING AND EXPERIMENTS

2.1 Karanai
The Karanai, a membrane with a central black region, usually on the right side, is a common feature
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that mridangam has with its cousin Tabla. Both membranes share very similar traits owing to the presence
of a black patch. They have two distinct regions - the central region with an additional mass loading
(special solid material) and the rest comprising only of stacked leather layers.

First, in-vacuo vibration experiments were done on the Karanai as a stand-alone component. The
experiments were designed towards extracting the natural frequencies, and identifying corresponding
modes of vibration. The method adopted uses fine sand to visualize the nodal regions (Chladni patterns)
of a resonating membrane.

A custom made open fixture, shown in Figure 1, has a 25.4 mm deep wooden ring, with other
dimensions being the same as that of the mridangam shell rim on the Karanai side. The membrane is
stretched against this ring using 16 bolts, replicating the tightening setup on the original mridangam.
Through hole button-type load cells are fixed to every alternative bolt, to measure the tension exerted on
the hooks (see Figure 1). A point force excitation using an electro-dynamic shaker is applied on the
membrane. A single microphone measurement using a free- field microphone (kept at a distance of 100
mm from the plane of the membrane, along the Karanai central axis) is used to identify the resonance
frequencies. Several rounds of sine sweeps were used to spot the frequencies causing vigorous movement
of sand particles. Each of these resonances were recreated using pure sine wave excitation at that frequency,
and the corresponding sand patterns were photographed.

Fig. 1. In-vacuo experiments on Karanai, (a).  support structure and (b). final assembly.

The moottu (an assembly composed of buffalo braided ropes passing through the composite membrane
as seen at the periphery in Figure 1b), while ensuring that the tension is evenly distributed, has limitations.
The pulling force, that the hooks exert, is primarily used to expand the buffalo leather braids against the
shell, which expand to such an extent that the bottom layer of the moottu fits perfectly over the shell rim.
Thus, the membranes receive only a portion of the load and one has to tune this in the analytical/numerical
model to match the experimentally obtained results.

The Karanai numerical model is an adaptation of the analytical model by Ramakrishna and Sondhi[4].
There are three layers making the Karanai, with the central black patch supported on the middle goat
leather layer; the top and bottom are from cow leather. For modeling purposes, the 3 layers are assumed
to act as a single membrane. The density of the black patch and leather layers are calculated from mass
and volume measurements. The density of black patch is found out by submerging granules of dried black
patch in liquid hexane, as it is insoluble and non-reacting in it. The goat and cow leather densiTIEs of 792
and 883 kg/m3  are calculated by weighing rectangular strips of the leather (known volume). The region
with the black patch has a thickness of 3 mm, out of which 0.4 mm is goat leather. Thus, its effective

(a) (b)
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density is 2178 kg/m3. In the numerical model, however, the thickness of all the layers is assumed to be
0.8 mm uniformly across both regions and hence the black patch has an effective density of 8168 kg/m3,
while the leather region has an effective density of 836 kg/m3.

The membrane was modeled using S4R (4-noded shell) finite elements in the commercial software
Abaqus. The analysis is carried out with hourglass control on. The choice of shell elements rather than
membrane elements is particularly due to the inability of the M3D4 membrane elements to automate edge
loads assigned to the geometry. It is observed that the shell effects vanish when the thickness of the Karanai
model is brought down to 0.1 mm; Thus, an effective thickness of 0.1 mm is used in the final model and
the density values are scaled appropriately. The modulus of elasticity was also increased by 10 times (to
100 MPa) to avoid large deformations arising due to a thinner cross section. The natural frequencies
compare well with experimental data, as seen in Table 1. The second mode shape is compared in Figure
2. It can be seen from Figure 3 that the two closely spaced modes seen in the numerical analysis (for the
third and fourth modes), appear as a combination mode in experiment; this was pointed out by Rossing[3].
These experiments clearly establish the fact that the first four in-vacuo natural frequencies, including the
degenerate modes, are integer multiples of the fundamental mode. This clearly contradicts the conclusions
of Bhat[13], who asserted that the kettledrum effect of the cavity was instrumental in making the frequencies
to be harmonic.

Table 1. Experimental vs. numerically computed natural frequencies of Karanai (in Hz).

Experiment Numerical Ratio

168 165 –
327 325 1.97
495 486/504 2.95/3.05
684 655/677 3.97/4.10

Fig. 2. Comparison of mode shapes for the Karanai second mode, (a). Numerical and (b). Experimental.

2.2 Thoppi
The Thoppi on the left side, is again a 3-layered membrane, with the bottom membrane made from

goat hide and two annular stiff layers from buffalo leather on top of it. During a concert, a central mass
loading (wet synthetic clay or rava) is used on the goat hide. No research has been published on its vibration
characteristics or its interactions with the acoustic cavity. This has been investigated possibly for the first
time.

(a) (b)
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The experiments on Thoppi are similar to the ones carried out on Karanai. The support structure
compatible to the dimensions of the membrane is the only difference between the two setups. The vibration
response is extracted for both with and without the synthetic clay loading at the middle. The resonant
frequencies are found as done earlier and photographs of Chladni sand patterns are taken. Beyond the
fundamental frequency, the resonances of the Thoppi (under point force excitation) are not strong enough
and the excitation needed to be increased to achieve reasonable membrane motion; the presence of two
stiff buffalo hide annular rings is the reason for this.

The Thoppi membrane finite element model is simplified by neglecting the contact between the two
buffalo layers and the soft goat skin below. It is assumed to be a linear model with three distinct sections
of different densiTIEs and stiffness. A dry Thoppi membrane is modeled to represent the results from
experiments adequately and later the wet Thoppi is modelled by tweaking existing properTIEs. The stiffness
of the buffalo leather region and its possible shell like behaviour can make an analytical membrane model
inaccurate.

During recital, the goat skin and rava are moistened with water; the experiments were done in a dry
state. Hence, two different models with appropriate changes to the material properTIEs to reflect the two
states was constructed. The Young's modulus of the clay and goat hide regions were reduced for the wet
state to about 15% of the original values. The density of dry clay was assumed to be 525 kg/m3 (and
increased to 550 kg/m3  when wet) with the other layer densiTIEs as before (wet goat layer density was
increased from 790 to 850 kg/m3).

The comparison between the experimental and numerical natural frequencies of the dry Thoppi is
shown in Table 2.  The values from simulation for the first two modes are quite close but there is a split
in the 3rd/4th mode in simulation while the experiment (like the Karanai) shows a combination mode at a
slightly higher frequency; see Figures 4 and 5 for a comparison of the first two modes.  From these results
it is clear that the natural frequencies of the Thoppi are not integer multiples.

(a) (b)

Table 2. Comparison between experimental and numerical (dry clay) natural frequencies of Thoppi (in Hz).

Experiment Numerical Ratio

146 180 –
242 296 1.65
399 334/395 1.85/2.2

Fig. 3. (a). Two close modes corresponding to third natural frequency (Numerical) and
(b). single combination mode (Experimental).



Vibro-acoustics of the South Indian Drum Mridangam

The Journal of Acoustical Society of India 119

2.3 Mridangam Acoustic Cavity
Membranophones like mridangam, tabla, kettledrum, Wadaiko drum, have enclosed air caviTIEs that

interact with the vibrating membranes. The function of the air cavity in a kettledrum, for instance, is to
make it harmonic. In a mridangam, it has been established in Section 2.1 that an in-vacuo Karanai has natural
frequencies which are integer multiples. This then raises an important question regarding the role played
by the acoustic cavity in a mridangam. An experimental study was first done to understand the behaviour
of the enclosed air cavity; a numerical model is developed following the experimental study.

The enclosed air cavity of a mridangam consists of three different sections. Two cylindrical regions
near to the membranes and a barrel shaped region. An experiment is carried out to find out the cavity
natural frequencies. The experiments and numerical analysis were carried out assuming that the cavity
boundaries are rigid. On the lateral surface, the wooden shell, which is relatively thick and heavy, provides
such a boundary. At the ends, a rigid boundary is achieved by using 16 mm thick plexiglass caps. However,
at the Karanai side of the shell, there is a 4 inch (101.6 mm) circular hole at center of the cap to house a
loudspeaker. This loudspeaker serves as the acoustic excitation during sound measurements. The excitation
signal from the data acquisition system (DAQ) is amplified using a commercial amplifier and fed to the
loudspeaker. On the Thoppi side, the plate has a 3/4 inch hole at the center to hold a steel pipe. The steel
pipe houses a microphone at its end, as shown in Figure 6.

(a) (b)

Fig. 4. Comparison of first mode of Thoppi, (a). Simulation and (b). Experiment

Fig. 5. Comparison of second mode of Thoppi, (a). Simulation and (b). Experiment.

(a) (b)
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A numerical model is developed
using Simulia Abaqus[15]. An
acoustic solid region of the
measured geometry, assigned with
AC3D8 elements (3D and 8-noded),
is used for analysis. Ihlenburg[14] has
suggested that one should use
quadratic elements for acoustics.
However, since the use of a linear
element simplifies the coupling of
the cavity with the membranes (4-
noded shell elements), it was
preferred. The physical properTIEs
of air, such as density and bulk
modulus are assumed to be 1.2 kg/m3 and 142 kPa respectively. The entire boundary of the cavity is
assumed to be perfectly rigid and smooth. A standard convergence study was carried out to ensure
accuracy of the first 15 modes.

The natural frequencies from the numerical analysis are in good agreement with the experimental
values and the errors are within acceptable limits (see Table 3).  It is important to note that the experiment
successfully captured all the axi-symmetric modes (see Figure 7) but missed the non- axi-symmetric (fourth

Table 3. Comparison of cavity frequencies (in Hz) between experiments and FE simulations.

Experiment Numerical Ratio

370 361 Axial
628 611 Axial
893 856 Axial

– 896 Transverse
– 1092 Transverse

1152 1114 Axial

Fig. 7. Comparison of cavity mode frequencies between experiment and simulation with mode shapes
from FE simulation; 4th mode shown is a non-axial mode and not captured in experiment

due to the microphone traversing along the axis of the cavity.

Fig. 6. Mridangam Acoustic Cavity Experiment Setup.
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mode at 896 Hz shown and fifth mode at 1092 Hz) ones. All the modes with a nodal line along the axis of
the cavity could not be captured, as the placement of the microphone was along the nodal axis. However,
the comparison of the axi-symmetric modes is deemed sufficient to ensure the accuracy of the numerical
model. There is also a peak shown by the red circle which is possibly due to the support structure but is
not present in the numerical models.

3. COUPLED VIBRO-ACOUSTIC MODEL

3.1 Modal Analysis
The numerical models of the components discussed in Section 2 are imported and assembled to create

the coupled model. The coupling between the membranes and the cavity was modeled using the surface-
based acoustic-structural interaction (ASI) option in Abaqus[15], which is accessible through surface based
TIE constraints option. In this model, the membrane surfaces are chosen as the master surfaces and the
adjacent cavity surfaces are the slaves. To check that the results from the numerical model are consistent,
the master- slave surfaces were flipped. However, the former configuration is important to apply loads
on the external surface (the ones facing outside) of the membrane later. For such a choice of master and
slave elements, the TIE function assigns three displacement degrees-of-freedom (DOF) to the nodes on
the slave surface which previously had only one DOF (acoustic pressure). The introduction of ASI elements
tweaks the mass and stiffness matrices to account for the coupled system. The Lanczos eigen value solver
is used to calculate the natural frequencies and mode shapes of this model.

The analysis is carried out in four steps, similar to the in-vacuo numerical analyses. In the initial step,
the translational and rotational DOF of the center point of both the membranes are arrested. In the second
step, the membranes are subjected to tension- which is modelled as a shell edge load. It is to be noted
that the Karanai tension is increased to 3200 N/m from 3091 N/m (shell edge load that produce a
fundamental frequency of 164.8 Hz in the in-vacuo Karanai) to obtain the desired frequency of 164.8 Hz
in the coupled model. The tension on the Thoppi side remains unchanged. Since the adaptive mesh option
is switched off in this static analysis step, the cavity elements coupled to the membranes are not affected
by the stretching of the membranes. Later, the nodes on the slave surface are TIEd to the membrane
surfaces which are already in the stretched state. In the third step, the translation DOF at the boundaries
of the membranes are arrested. The boundary conditions on the central nodes of both membranes are
made inactive in this step.

The effect of these loads and boundary conditions are built- in to the system prior to the fourth step,
which is a natural frequency analysis using Lanczos solver with strong structural-acoustic coupling option
enabled; the Thoppi was assumed to be in wet state (as in a concert).

Despite a full (strong) coupling of the models, the membrane natural frequencies have been lowered
only by a small margin (typically by about 4 to 6 Hz), as seen from Table 4. An exception to this is exhibited
by the first mode of Thoppi which shows an increase from an in-vacuo fundamental frequency of 84 Hz

Table 4. Natural frequencies of a few well coupled modes.

Major Contribution from Uncoupled (Hz) Coupled (Hz)

Thoppi; first mode 84 94
Karanai; first mode 168 165
Thoppi ; third mode 177 173
Thoppi; eleventhmode 350 345
Cavity; first mode 361 381
Thoppi 495 488
Karanai; third mode 514 510
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to 94 Hz, when coupled. Such an increase has been observed earlier by Gottlieb[10].  The well coupled
modes till the third harmonic of the instrument tuning frequency (about 500 Hz) are listed in Table 4.

The axi-symmetric modes of the membranes couple well with the axial cavity modes as seen in Figures
8 and 9; the first one shows the Thoppi mode whose natural frequency when coupled increased to 94 Hz,
while the second shows the first Karanai mode with the frequency reducing marginally from 168 to 164
Hz on coupling. This is in tune with the assumption made by Bhat that only axi-symmetric modes of the
membrane couple with the acoustic pressure. However, there is almost no change in the integer ratios of
the coupled Karanai-acoustic cavity natural frequencies when compared to the in-vacuo frequencies of
the Karanai. Hence one can conclude that in the case of the mridangam there is really no kettledrum effect;
this is in contrast to the conclusion arrived at by Bhat[13].

Fig. 8. First coupled mode showing dominant Thoppi motion;
(a). view from Karanai side and (b). from Thoppi side.

(a) (b)

Fig. 9. Another coupled mode showing dominant Karanai motion;
(a). view from Karanai side and (b). from Thoppi side.

(a) (b)

The non axi-symmetric modes of the membranes are capable of producing only local pressure changes
as shown in Figure 10. For both the membranes, the natural frequencies of non axi-symmetric modes are
close to their corresponding in-vacuo modes. These non axi-symmetric modes occur in degenerate and
orthogonal pairs. It is also clear that the Karanai modes create more significant motion on the Thoppi side,
for the strongly coupled modes.

The first dominant acoustic mode of the cavity, which has a natural frequency of 360 Hz in the
uncoupled model, appears at 380 Hz in the coupled model. The second acoustic mode of the cavity is
increased from 610 Hz (cavity alone) to 626 Hz in the coupled case. Thus, within the fourth harmonic of
the instrument (about 660 Hz) there are 9 well-coupled modes influenced by axi-symmetric membrane
modes and the cavity. This does not mean that the non axi-symmetric modes do not contribute in the
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Fig. 10. A non-axisymmetric Thoppi mode showing weak vibro-acoustic coupling;
(a). view from Karanai side and (b). from Thoppi side.

(a) (b)

dynamics. They definitely set the membranes in vibration, but they are not capable of interacting with
the other membrane through the cavity. In general, it is observed that the more complicated the in-vacuo
cavity and membrane mode shape patterns, the less the change in their natural frequencies and mode
shapes after coupling.

3.2 Transient Vibration Response
The nature of excitation on a system determines the mode shapes participating in the response. The

excitation on a mridangam are the chaapu and thom strokes played on the Karanai and Thoppi sides (see
Figure 11).

(a) (b)

Fig. 11. Typical mridangam finger strokes, (a).  chaapu on the karanai and
(b). thom on the thoppi side; photos taken in the lab when played by the mridangam maker.

A chaapu stroke is played by a combination of two fingers; the little or ring finger lightly taps the
boundary of black patch at the beginning of the stroke followed by the tapping of the index finger on the
annular region. There are slight variations in the technique based on different schools of mridangam recital.
The stroke is expected to produce a sound with a strong sense of the tuning frequency (165 Hz in this
model) and some additional harmonics to add richness. The thom stroke, played on the Thoppi side, is an
open or ringing tap at the centre of the Thoppi, with a closed palm.  The impulse on the Karanai consists
of two regions, both modelled as pressure forces on the surface. For the Karanai, the magnitude of the
impulse on the black patch region is 0.025 Ns over 3 ms and on the annular region is 0.075 Ns over 3 ms
(see the regions marked by thick boundaries in the time response plot in Figure 12).  The shape of the
impulse has been chosen from the literature, where measurements have been made on a rototom drum[16].

The magnitudes have been adjusted to obtain realistic vibration response amplitudes. It is to be noted
that the second pulse on the annular region has a time lag of 0.5 ms from the first one on the black patch,
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Fig. 12. Vibration response to chaapu excitation,
(a). Karanai centre (b).  FFT of the time signal in

(a), and (c). Thoppi centre time response.

to mimic an actual chaapu stroke. For the Thoppi, the thom stroke is modelled as a pressure force on the
rava region, with a total force magnitude of 0.005 Ns over 3 ms. The response is calculated for a total
duration of 0.3 s, which is more or less the duration of decay for the sound response from these strokes.

Modal superposition based dynamic analyses are carried out with a constant 3% direct modal damping
assumed for all modes of the coupled system. The choice of the first 150 modes (which spans 850 Hz) is
more than sufficient since all the major modes of interest lie within 600 Hz. Moreover, the impulse duration
of 0.3 ms is expected to strongly excite modes below 330 Hz; hence, the choice of 850 Hz as upper cut-off
frequency is adequate. The vibration time response of the membranes are obtained; a Fast Fourier
Transform (FFT) of the time response is used to identify the dominant frequencies in the response. The
response at two different points (center and off-center) are compared with the in-vacuo response of the
same membrane; modal damping of all modes remains at 3% for the uncoupled case too. In all the
following figures, the region of excitation is marked by a white region with a thick boundary and the
response point is marked with a thick black dot.

Fig. 13. Vibration response for thom excitation,
(a).  thoppi centre , (b). FFT of thoppi response in

(a), and (c). karanai centre.
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Figure 12 shows the time response of the center points of Karanai and Thoppi to a simulated Chaapu
stroke. In the first few cycles there is virtually no difference between the in-vacuo and coupled response;
the coupled vibration response is marginally lower than the in-vacuo past the initial few cycles. An
examination of the FFT (see Figure 12b) demonstrated that the dominant frequency is that of the first
Karanai mode while the first mode of the Thoppi (around 84 Hz) is not present in the response. The FFT
also showed a peak around 510 Hz for both coupled and uncoupled responses with the amplitudes being
equal. The Thoppi responds to the excitation on the Karanai, as the energy is transferred through the air
cavity; the first two modes are dominant. When the Karanai response at an off-center location is examined,
the non-axisymmetric mode around 320 Hz has a significant contribution; again this observation is in
contrast to the findings of Bhat[13], who claimed that in the transient response the non-axisymmetric modes
will not occur. Once again there is not much difference in the amplitudes between the in-vacuo and coupled
vibration responses, reinforcing the fact that the is no kettledrum effect of the cavity on the Karanai
response.

Figure 13 shows the vibration response at the center of the Thoppi for a Thom stroke. There is a
difference in the response amplitudes/characteristics between the in-vacuo and coupled models. The
presence of the Karanai first mode frequency close to the Thoppi second mode changes the coupled model
response characteristics; from a music stand point whether this is desirable needs to be addressed. The
Karanai response to Thoppi excitation is much smaller in amplitude and exhibits mostly the fundamental
mode; the effect of the Karanai excitation on the Thoppi response is more than the other way around.

In summary, the coupling has virtually no effect on the Karanai response but does have some impact
on the Thoppi response (mostly for the first mode of vibration as seen from the FFT). This would suggest
that the cavity only plays a minor role on the generation of harmonic musical notes.

4. CONCLUSION
From the investigations carried out using detailed finite element models, which minimizes the

assumptions made regarding the vibro-acoustic coupling, it can be clearly stated that the Karanai
harmonicity can be attributed to its own construction rather than to any contribution from the cavity due
to a kettledrum effect. From the transient response simulations of the coupled acoustic-membranes system,
it is clear that the cavity plays a minor role in the musical notes from the Karanai of the mridangam. Future
work is focused on the prediction of the sound generated from both the uncoupled and coupled models.
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ABSTRACT

The vibro-acoustical nature of mizh~vu, a large pitcher-shaped monofacial membranophone with
an indefinite pitch, is studied. A coupled structure-acoustics, Finite Element Method (FEM) based,
methodology is developed and used for conducting the modal analysis of the drum consisting of
a clamped membrane backed by an acoustic air cavity. The results of the FEM simulation are
interpreted keeping in mind the recorded sound of the drum and the strokes that are used for
playing the drum. The distinctive acoustical signature of mizh~vu is identified through a coupling
of axisymmetric membrane modes with longitudinal pressure modes resulting in a rather rich
spectrum of overtones. The effect of varying parametric values on the frequency spectrum of the
drum is discussed and the acoustics of mizh~vu is compared with two large drums, the Indian
nag~d

�

~ and the western timpani.

1. INTRODUCTION
Mizh~vua is a big-bellied pitcher-shaped

monofacial membranophone[1,2]. It has a short
narrow cylindrical neck over which a
parchment is stretched and tied tightly using
a rope. The pitcher is made of thin copper
sheet which thickens towards the neck. The
parchment is developed out of the outer calf
skin and is noticeably thicker than the ones
used in tabl~, for instance. A tiny hole, also
called the ear of the drum, is drilled through
one side of the vessel at around halfway height
from the bottom, purposefully so as to improve the resonance[1]. A full mizh~vu, as well as a closeup of
the neck region, is shown in Fig. 1. The drum is placed in front of the player within a cage (piñjara) of
wooden slats such that its bottom remains away from the ground. Mizh~vu is played with hands and
yields a loud metallic tone often described as thunderous. Unlike some other Indian drums, such as tabl~,
pakh~waja, mradangam, and idakk~,[3-6] mizh~vu sound has no definite pitch.

The Journal of Acoustical Society of India : Vol. 48, No. 3, 2021 (pp. 127-140)
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a Mizh~vu is phonetically written as [mI.(a:v)]. The retroflex approximant [,l] is a trademark of Malayalam language. The virama at
the end cancels the inherent vowel after the consonant 'v' as per the schwa deletion rule.

Fig. 1. Mizh~vu (notice the hole) with a
closeup of the neck portion.
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Mizh~vu is played with an open palm using two basic strokes: th~, by hitting the middle of the
membrane, and thom (or thu), by hittingnear the edge of the membrane[1]. These strokes are played with
varying intensities to produce a structure of rhythmic beats ort~las. There are seven t~las: chempat

�

a, triput
�

a,
jhampa, dhruva, at

�

anta, eka, and laks
�

m§; these are used according to the situation, character, etc. (for
instance, laks

�

m§ t~la is used to enact the jat~yudance piece from R~m~yana).

The purpose of this article is to study and characterize the vibro-acoustical nature of mizh~vu. In
Section 2, we report a brief analysis of the recording of mizh~vu sound. The recordings were conducted
by one of the authors (SP) on the sidelines of the kut

�

iyat
�

t
�

am festival at the Natanakairali Institute in
Irinjalakuda, Kerala, in early January 2020. These field studies provide us with the motivation for pursuing
the simulation work in the following sections. In Section 3, we present an idealized mathematical model,
and the associated variational formulation, for the finite element implementation of the structure-acoustic
coupled problem. The results of the developed numerical methodology are presented and discussed in
Section 4. The results are first justified in the light of frequency spectrums collected from the sound
recordings and then studied under a variation in the parametric values of mouth diameter and membrane
tension values. Subsequently, a simplified analytical model of the drum is discussed in order to understand
the coupling between an axisymmetric membrane mode with the longitudinal acoustical modes. Towards
the end, we briefly discuss the acoustics of nag~d

�

~ and timpani and contrast them to that of mizh~vu.
This is to emphasize the distinctiveness of mizh~vu in comparison to other big-bellied drums which also

b The phonemic representation of th~ and thom strokes are /t
�

 a:/ and /t
�

 o:m/, respectively.

Fig. 2. Mizh~vu in performance during the kut
�

iyat
�

t
�

am festival at the
Natanakairali institute in Irinjala kuda, Kerala in the first week of January 2020.

Traditionally, mizh~vu has been used exclusively in the ritualistic Sanskrit theatre forms of Kerala
such as kut

�

iyat
�

t
�

am, c~kyarkuttu, and n~n· gy~r kuttu[7,8]. kut
�

iyat
�

t
�

am is the most prominent survivor of
the ancient Indian theatrical culture with several links to n~tyaÑastra. The theatre is performed within a
highly formalized rectangular structure called kut

�

t
�

ambalam which has a square-shaped stage in addition
to an auditorium. The stage is connected to the dressing room (nepathya), located behind it, with two
narrow doors (one for entrance and the other for exit). Two mizh~vus are placed between these two doors
in the backside of the stage, see Fig. 2. Besides mizh~vu, idakk~ (hour-glass shaped drum), kuzhitt~la
(cymbal), Ñankha (conch), and two wind instruments (kompa and kuchal) are also present on stage
(altogether constituting a pan· cav~dya ensemble).
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have a much larger mouth diameter than that of mizh~vu. Finally, we present some results which justify
our assumption of ignoring the neck of the drum. The article is concluded in Section 5.

2. THE AUDIO RECORDINGS
The recordings were done using a mizh~vu which was 76 cm high, had a mouth with inner and outer

diameter of 14 cm and 16 cm, respectively. The rim of the neck, which provided the boundary for the
vibrating membrane, was therefore 1 cm thick.

The membrane was clamped at the outer edge of the rim. The maximum diameter of the pitcher was
52 cm. The hole on the side had a diameter of 9 mm and was located 48 cm above the bottom of the
drum. The drum overall had an axisymmetric shape (modulo the hole on the side). The audio recordings
were conducted using the Audio-Technica AT2020 USB cardioid condenser microphone. Several recordings
were made (different drummers playing with different intensity) for each of the following cases: (i) basic
strokes th~ and thom with hole open, (ii) basic strokes th~ and thom with hole closed, (iii) laks

�

m§ t~la on
one drum, and (iv) free style playing using two mizh~vus. The recorded data is processed to generate
spectrograms and frequency spectrum plots. The modal frequencies are identified from the dominant peaks
appearing in the latter. Out of the several recordings for each of the case, mentioned above, we present
results for one representative sample after noting little variation among all the available candidates. The
dominant modal frequencies are summarized in Table 1. The spectrograms corresponding to th~ and thom
strokes, with hole open, are given in Fig. 3. The associated frequency spectrum plots are given in Fig. 4.
The spectrum plots for the remaining four cases are collected in Figs. 5 and 6. The spectrograms for th~
and thom strokes showed no perceptible difference when the hole was closed.

Table 1. Dominant natural frequencies (in Hz) for various playing styles.

th~ (with hole) 293.9, 354.7, 571.3, 741, 834.7, 936.1, 957.6, 1116, 1173
thom (with hole) 305.6, 355.2, 572.3, 738.6, 935.7, 959.3, 1115, 1173
th~ (hole closed) 296.2, 355, 571.6, 741.3, 844.4, 935.7, 959.2, 1116, 1173
thom (hole closed) 306.3, 361.3, 571.8, 936.7, 959.4, 1116

laks
�

m§ t~la 306.5, 358.5, 571.6, 743.8, 862.7, 938.5, 960.6, 1118, 1175
two mizh~vus 305.5, 359.7, 575.2, 617.8, 746.7, 853.1, 940, 961.6, 1118, 1175

Fig. 3. Spectrograms for th~ and thom strokes with hole open.
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Fig. 4. Frequency spectrum plots for th~ and thom strokes with hole open.

Fig. 5. Frequency spectrum plots for th~ and thom strokes with hole closed.

Fig. 6. Frequency spectrum plots for laks
�

m§ t~la and a pair of mizh~vus
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Several observations are in order concerning these plots. First, recall that with the th~ and thom strokes,
the membrane is struck at the centre and close to the edge, respectively (both with an open palm).
Therefore, we expect the spectrum of th~ stroke to be dominated by the membrane modes with antinodes
at the centre; all the 0m modes satisfy this. Here, and elsewhere, the mode shapes of circular membranes
are denoted through the convention nm, where n indicates the number of nodal diameters and m the
number of nodal circles[9]. The spectrum for the thom stroke will also include the other modes (the nm
modes). This is evident from the spectrograms in Fig. 3, although the modes which sustain are identical
in both the cases. Given that the strikes are made with an open palm (i.e., a finite area over the small
membrane), it is expected that the vibration modes are dominated by modes with 01 and 02 membrane
modes (assuming that the higher membrane modes will be more damped). Even then, certain modes can
dominate overall due to the resonance of specific membrane modes with the air cavity modes. Second,
the hole in the drum shell appears to be in consequential as far as spectrograms and frequency spectrums
are concerned. Its acoustical importance therefore remains inconclusive. Finally, there is a consistent pattern
in peaks which can be noticed from all the spectrum plots. There are clear peaks close to 300 Hz, 600 Hz,
750 Hz, 900 Hz, and 1200 Hz, indicating semblance of a definite pitch with a fundamental of 150 Hz (the
fundamental is discernible in the spectrograms). The peaks at 300 Hz, 900 Hz, and 1200 Hz always appear
in pair. The difference in the frequencies of the pair are around 50 Hz, 20 Hz, and 50 Hz, respectively.
The presence of these nearby peaks indicate a beat-like phenomena in mizh~vu sound. The splitting of
frequencies can be a consequence of asymmetric tuning of the membrane, or due to asymmetry in the
membrane density distribution, or asymmetry in the construction of the instrument; we do not explore
any of these possibilities in this work. To summarize, the presence of air cavity in mizh~vu yields several
dominant natural frequencies in close harmonic relationships in addition to appearance of beats due to
pairs of nearby frequency values.

3. THE VIBRO-ACOUSTIC MODEL
The vibro-acoustic problem of monofacial drums can be described in terms of a system of coupled

partial differential equations. These include the membrane vibration equation and the acoustic wave
equation, the latter governing the internal pressure
field of the cavity. The differential equations are
supplemented with an appropriate set of initial
and boundary conditions. We neglect both acoustic
and structural damping and assume the walls of
the cavity to be perfectly rigid. We also neglect the
acoustic environment external to the drum. The
cavity of the drum is closed in such a manner that
the air inside the cavity is confined and the motion
of the membrane changes the volume of the air in
the cavity. This changes the pressure of the air
confined in the cavity. The pressure of the confined
air in turn generates a force on the membrane.

We consider an idealized model of mizh~vu,
whose geometry is illustrated in Fig. 7. We assume
the neck height (and width) of mizh~vu to be
vanishingly small and the hole to be absent. The
validity of the former assumption is discussed in
Section 4.5 whereas the latter is justified in the
preceding section on the basis of audio recordings.
The membrane is clamped at the edge of the open
face of the curved shell. The latter is assumed to
be elastically rigid. In general, due to thickness of

Fig. 7. An idealized model of mizh~vu shell used for
FEM simulations; d represents diameter of the mouth,
D the maximum diameter of the shell, L the height of
the drum, and l the position (from top) of the
maximum diameter.
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The integration over domains is evaluated using the standard Gauss quadrature rule for polynomials.
The efficacy of our code is tested by using it to verify the existing results for timpani and tabl~ as reported
in the earlier literature[4,11,12]. The details, including those related to convergence and mesh refinement,
are available elsewhere[13].

4. RESULTS AND DISCUSSION
The idealized shape of mizh~vu for simulation purposes is considered as given in Fig. 7. The curve

generating the axisymmetric shape of the drum is drawn using a three-point spline interpolation. This is
done in two parts, one from the mouth to the maximum diameter and the other from the maximum
diameter to the bottom. The curves are chosen so as to mimic the shape of the actual drum. We fix the
height of the drum as L = 76 cm, the maximum diameter of the shell as D = 52 cm, and the distance of the
maximum diameter circle from top as l = 28 cm, all in accordance with the mizh~vu used for the audio
recordings. The diameter d of the mouth however will be allowed to vary (between 14 cm and 16 cm).
Besides d, we will also allow the membrane tension T to take different values. The material parameters
σ = 0.5445 kg/m2 (areal density of the membrane), ρa = 1.21 kg/m3 (volume density of air), and cp = 344
m/s (speed of sound in air) will be fixed throughout. The areal density of the mizh~vu membrane is
calculated from the samples collected during the field work. It should be noted that the density value is
almost twice as much as that of tabl~ and timpani membranes.

4.1 The eigen-spectrum and mode shapes of the drum
In order to understand the frequency spectrum, as obtained from the audio recordings, we begin by

fixing d = 16 cm and T = 3500 N/m. The effect of varying d and T values on the frequency spectrum will

Table 2. Mode shapes and natural frequencies of an ideal membrane (without air cavity)
with T = 3500 N/m, d = 16 cm;  the membrane displacements shown are in m.

Table 3. Mode shapes and natural frequencies of the air cavity without a membrane
closing the facing with d = 16 cm; the pressure values shown are in Pa.
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Table 4. Mode shapes and natural frequencies (in Hz) of an idealized mizh~vu with T = 3500 N/m
and d = 16 cm. The membrane and air cavity modes shapes are shown separately for clarity.

The membrane displacements are in m and pressure in Pa.



136 The Journal of Acoustical Society of India

Gupta et al.

Ta
bl

e 
5.

 N
at

ur
al

 f
re

qu
en

ci
es

 (
in

 H
z,

 r
ou

nd
ed

 to
 c

lo
se

st
 in

te
ge

rs
) 

fo
r 

va
ri

ou
s 

m
ou

th
 d

ia
m

et
er

s 
(d

 in
 c

m
) 

an
d 

te
ns

io
n 

va
lu

es
. E

ac
h 

fr
eq

ue
nc

y 
va

lu
e 

is
ap

pe
nd

ed
 (

in
 a

 s
m

al
le

r 
fo

nt
) 

w
ith

 th
e 

as
so

ci
at

ed
 m

em
br

an
e 

m
od

e 
de

si
gn

at
io

n.
 F

or
 in

st
an

ce
, 2

77
01

 in
di

ca
te

s 
th

at
 th

e 
fr

eq
ue

nc
y 

27
7 

H
z 

is
 a

ss
oc

ia
te

d
w

ith
 a

 m
od

e 
sh

ap
e 

ha
vi

ng
 0

1 
m

em
br

an
e 

m
od

e 
(i

n 
ad

di
tio

n 
to

 s
om

e 
pr

es
su

re
 m

od
e)

. T
he

 n
ot

at
io

n 
U

 a
pp

ea
ri

ng
 n

ex
t t

o 
so

m
e 

va
lu

es
 in

di
ca

te
 th

at
 th

e
co

rr
es

po
nd

in
g 

m
od

e 
sh

ap
e 

w
as

 u
nc

le
ar

.





138 The Journal of Acoustical Society of India

Gupta et al.

Table 6. nag~d
�

~ and timpani. The natural frequency (in Hz, rounded to closest integer) spectrum for various
tension (T) and membrane density (σ, in kg/m2) values. The associated membrane modes are indicated

in a smaller font. For instance, 5501 indicates that the frequency 55 Hz corresponds to
a mode shape with 01 membrane mode (in addition to some pressure mode).

mizh~vu, there are no repeated membrane modes in either of these drums. Therefore, if one is to activate
only the axisymmetric membrane modes (by striking at the center of the drum), then only one frequency
will be heard corresponding to each membrane mode. In this way, mizh~vu distinguishes itself from some
other big-bellied drums. Consequently, we can conjecture that the uniqueness of mizh~vu sound is due
to its large pot-like belly covered with a membrane over a small mouth. The authors were not able to
locate any pitcher-type drums of this sort in other musical cultures.

4.5 The relevance of neck height
In our idealization of mizh~vu, in Section 3, we had ignored height of the neck altogether. We now

justify our assumption by reporting natural frequency values for a mizh~vu, with and without neck, for

Table 7. Effect of mizh~vu neck. The natural frequency (in Hz, rounded to closest integer) spectrum for two
tension (T) values with, and without, the neck. The associated membrane modes are indicated in a smaller font

(U represents an unclear mode shape). For instance, 28001 indicates that the frequency 280 Hz corresponds to a
mode shape with 01 membrane mode (in addition to some pressure mode). The mouth diameter is d=16 cm.

nag~d
�

~

T = 3000 N/m T = 3500 N/m
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two tension values, see Table 7.  The shape of the neck is illustrated there with. The height of the neck is
taken as 5 cm. It is clear that inclusion of the neck has a limited, possibly negligible, influence on the
frequency values. The neck, however, is essential for tying the membrane around the mouth using ropes,
see Figure 1.

5. CONCLUSION
We have discussed the vibro-acoustical character of mizh~vu, which is a big-bellied, but small

mouthed, drum used extensively as a primary accompaniment in the Sanskrit theatre forms of Kerala.
The drum is played with a limited number of distinct strokes, particularly those which excite the
axisymmetric membrane modes 01 and 02. Each of these membrane modes appear with a large number
of longitudinal pressure acoustic modes. Hence, even by striking the membrane at the center one can hear
an overtone rich sound which has a near harmonic character. Such a drum is indeed unique and has no
equal among other known drums in the world culture. We have argued our viewpoint by providing a
brief comparison with two kettledrums but further comparisons should be taken up with respect to big-
bellied monofacial drums from Africa and Japan. On the other hand, the simulation methodology is being
presently extended to include external acoustic environment so that more realistic results can be obtained.
Such a framework will also help us understand the reception of mizh~vu sound by the performers and
the audience present in the formalized theatre environment within which it is usually performed.
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ABSTRACT

The necessity for thermal comfort of residents is typically considered upfront in building design
by thermally insulating the interior of the building from the extremities in temperature in the
external environment. With an increasing trend in industrialization, especially in developing
countries, the necessity for noise isolation is also being recognized. For example, high-rise buildings
in metropolitan cities utilize noise-isolating windows to reduce the nuisance from city noise
bothering the building residents. This raises a new question whether it is possible to identify or
design materials for combined thermal and acoustic insulation in buildings. Thermal-acoustic
insulation requirements are also an essential consideration in isolating automobile engines from
the passenger compartment. To address these concerns, a common platform to perform combined
thermal and acoustic evaluation of porous and other materials is laid out in this study. In addition
to existing materials, a designed periodic porous material for combined thermal-acoustic insulation
is also explored. From the materials studied, it is observed that the combined thermal-acoustic
insulation is better for porous materials with smaller pore-size and larger thickness, and with an
optimum porosity owing to its contrasting effects on radiation vs. conduction contribution to the
overall thermal conductivity.

1. INTRODUCTION
Although very thick materials with relatively low thermal conductivity may provide thermal and

acoustic insulation, such materials may not practically fit many applications. Even in buildings, the
thickness of the walls cannot be too high. Lightweight materials are sought-after in buildings because
they aid in fast construction and less 'embodied energy' (Lee, Trcka, & Hensen, 2011). This restriction is
more stringent in a car where a lightweight material is needed to separate the engine compartment and
exhaust gases from the passenger compartment (Ohadi & Qi, 2005).

When lightweight materials with high strength to weight ratio and both thermal and acoustic insulation
properties are required, porous materials could be employed. For example, polyurethane foam (PUF) and
melamine foam are both currently used for combined thermal-acoustic insulation in automotive
applications. Melamine is open-cell foam, whereas PUF is, in general, a closed-cell foam. PUF is also widely
used for thermal-acoustic insulation in buildings. Although economical, PUF is extremely flammable and
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hence cannot be used in public places where fire could be a risk. On the other hand, melamine is more
expensive but has better fire safety.

Polymeric foams are also used for thermal insulation applications. The modest proportion of solid
material in the foam and the consequent large volume fraction of gas results in an overall reduction in
the polymeric foam's resultant thermal conductivity because of the much lower thermal conductivity of
gas than the solid polymer. For buildings and automotive applications, air is the gas often used. The air
thermal conductivity is at least an order-of-magnitude lower than the polymer thermal conductivity (kpolymer
~ 0.3 + 0.1 W/mK).  Closed-cell polymeric foams filled with high molecular weight gases have the lowest
conductivity of any conventional insulation, excluding those containing vacuums. However, this work
focuses on open-cell polymeric foam insulations.

The general conviction is that thermal and acoustic insulation are correlated. This view was questioned
in a recent article (Nurzy½ski, 2015), which shows that the two types of insulations may be partly correlated
for some existing building insulation materials but not in others. This study aims to develop a method
for evaluating the combined thermal and acoustic insulation performances of porous materials. Such a
study will guide making design decisions based on quantitative rather than subjective evaluation. As an
example of the proposed evaluation methodology, the current study considers two types of porous
materials: open-cell melamine foam uncompressed as well as compressed and a designed periodic foam.

2. METHODS AND MATERIALS

2.1 Identifying design requirements and arriving at specifications
For the best acoustic insulation, the transmission loss (TL) should be as high as possible. The thermal

resistance, defined as driving temperature difference divided by the heat transfer rate, should be as high
as possible for the best thermal insulation. However, there could be other design limitations in an
application, such as weight or cost. Suppose the engine noise in a car is 120 dBSPL, and that needs to be
reduced to 60 dBSPL in the passenger compartment. Then, the TL required is 60 dB. Increasing TL beyond
this requirement may not be useful because the background noise in the passenger compartment may be
about 50-60 dB SPL from other sources. The insulation material itself should not deteriorate the engine
performance by inflicting high back-pressure.The thermal requirement inside the passenger compartment
is about 25°C, whereas in the car underhood near the internal combustion engine, the temperatures can
be a few hundred degrees. Therefore, in this example, the specification could be as follows: 60 dB
transmission loss and insulation of the surrounding exposed to this high temperature via heat loss
prevention.

2.2 Predicting the thermal resistance of porous materials
Heat transfer in open-cell foams takes place by conduction through the solid cell struts, conduction

through the air occupying the cell interior, and radiation throughout the foam. The apparent thermal
conductivity of the foam material can be written as a superposition of each mechanism (Glicksman, 1994):

, ,eff conduction gas conduction solid radiationk k k k= + + (1)

It is assumed in Eq.(1) that the thermal radiation acts independently of the other heat transfer
mechanisms. The effective stagnant thermal conductivity of solid and gas can be expressed as (Glicksman,
1994):

( ) ( )
,

1
3eff cond gas solidk k T k

φ
φ

−
= + (2)

In Eq. (2), φ is the porosity (or void fraction), kgas is gas thermal conductivity, and ksolid is solid (polymer)
thermal conductivity. Using the diffusion approximation, the radiative contribution to the foam
conductivity (in optically thick media) is given by (Glicksman, 1994):
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is also significantly reduced. Despite these contrasting factors, compressed melamine provides lower APTF,
that is, better acoustic insulation.

However, Rth becomes smaller with foam compression, as seen in the bottom panel of Figure 2. From
Eq. (4), Rth is inversely proportional to the effective thermal conductivity keff. To see why Rth decreases
with foam compression, the components of the effective thermal conductivity are plotted against porosity
and against pore radius in Figure 3. As seen in the left panel in Figure 3, with an increase in the relative
density or (1-φ),the radiation component of thermal conductivity decreases significantly while the
conduction component mildly increases. The variations with pore radius are shown in the right panel of
Figure 3. As the pore radius increases, the radiation component of thermal conductivity increases, whereas
the conduction component mildly decreases. From the parameters listed in Table 1, it can be seen that

Table 1. Properties of compressed Basotect® TG melamine from Kino et al. (Kino, 2009).
The first row of data is for the uncompressed sample.

Sample Porosity Flow Density Pore radius r (µm)

Thickness φ resistivity ρf (taken from thermal
Lf (mm) σ (Pa s/m2) (kg/m3) characteristic length in

Kino et al. (Kino, 2009)

   19.74     0.9944         6197     8.77 572
   18.32     0.9939         7465     9.59 512
   15.36     0.9931         9261    10.86 417
   13.89     0.9918        12252    12.85 350
   11.23     0.9900        17395    15.72 263
    5.75     0.9822        36937    15.73 164
    2.78     0.9628       122325    27.90 69
    2.25     0.9544       160828    58.39 59

Fig. 2. APTF and Rth for compressed melamine foam. The x-axis is thickness of the melamine foam.
Lower thickness represents larger compression.
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with compression of the melamine foam, its pore radius almost proportionately decreases along with a
mild decrease in φ (or mild increase in 1-φ). The combined effect of a decrease in φ and decrease in pore
radius results in an overall decrease in the effective thermal conductivity keff with compression of melamine.
Therefore, when the melamine sample is compressed, Lth decreases but keff decreases more drastically,
and hence the overall effect is reduction of Rth as seen from Eq. (4). Note that the predicted thermal
conductivity for uncompressed melamine foam from Figure 3 is about 0.05 W/mK which is approximately
in agreement with 0.035 W/mK at 10°C as per Basotect® datasheet. For better thermal insulation, the
thermal resistance should be higher. In short, compressing melamine foam improves acoustic insulation
but worsens thermal insulation.

3.2 Periodic BCC foam
When a foam material is designed, it is possible to vary its porosity, poresize, as well as unit-cell

configuration. This method could lead to designing material for an application. As of this article's date, it
is possible to additively manufacture about 20 PPI foams, or equivalently, about 1 mm pore size and strand
thickness of about 0.1 mm.  However, the 3D printing technology is likely to improve and allow for the
fabrication of even smaller pore sizes and complex geometries. The porosity and flow resistivity of the
BCC foams included in this study are shown in Table 2.

As a possible material, consider BCC periodic foam designed as per the method described in section
2.4. The porosity is varied by choosing the ratio of r/a which is the ratio of the radius of the pore to the
length of the cube. Porosity range of 0.94-0.99 is considered here. Lower porosities are not used because
Rth reduces with a reduction in porosity. As with melamine foam, the same cross-section of 25 mm × 25
mm is used here, which impacts quantitative results but not the qualitative results. The pore sizes used
are 0.25 mm to 2 mm. The thickness of the foam sample is Lf = 50 mm. The material is assumed to be a
polymer with solid thermal conductivity of 0.4.

For these designed BCC foams, the APTF and Rth predicted using the methods discussed in sections
2.2 and 2.3 are shown in Figure 4(B). APTF decreases (better) with decrease in pore radius r. Rth also
increases (better) with decrease in pore radius r. Therefore, it is better to use a small pore size r for better

Fig. 3. Thermal conductivity of compressed Basotect® TG melamine using microstructural parameters
from Kino et al. (Kino, 2009) shown in Table 1 and Eq. (1) - Eq. (3). (A) With increase in the relative

density or (1-φ), the radiation component of thermal conductivity decreases, whereas the conduction
component increases. (B) With increase in the pore radius, the radiation component of thermal

conductivity increases but the conduction component slightly decreases.
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Fig. 4. APTF and Rth for BCC periodic foam (A) versus porosity for a pore-radius of 0.25 mm,
and (B) versus pore-size for a porosity of 0.94. It is seen that the APTF is lower (better) at smaller

porosity and smaller pore-radius. APTF increases monotonically with porosity as well as pore radius.
Thermal resistance, on the other hand, is higher (better) at smaller pore-sizes, but could have a

maximum versus porosity as seen in the lower panel in (A).

Table 2. Flow resistivity versus porosity forthe designed BCC foam. See (Ramamoorthy & Krishnan, 2018)
for the method used to determine these flow-resistivity values. The values shown are for pore-size of 0.25 mm.

The flow-resistivity for another pore-size r in meters can be determined by multiplying (0.00025/r)2

to the value shown in the table.

Porosity φ Flow resistivity σ (Pa s/m2)

0.9400 6836.8
0.9450 6511.4
0.9500 6203.1
0.9550 5910.9
0.9600 5633.8
0.9650 5371.1
0.9700 5122.0
0.9750 4885.5
0.9800 4661.1
0.9850 4448.1
0.9900 4245.8

combined thermal-acoustic insulation. With decrease in r, the thermal conductivity due to radiation
decreases linearly whereas the thermal conductivity due to conduction is nearly independent of r (Figure
5 (B)). Therefore, the overall Rth increases with decrease in r (see Eq. (4)).

With increase in porosity, APTF mildly increases as shown in Figure 4(A). Hence, lower porosity is
better for acoustic insulation. Thermal conductivity due to radiation kradiation increases with porosity φ, or
equivalently, kradiation decreases with increase in relative density = (1-φ) as seen in Figure 5(A). On the
other hand, k(eff-conduction) increases with increase in the relative density(1-φ). Owing to these conflicting
trends, depending on their relative strengths, there is an optimum porosity for maximum thermal
insulation. This optimum is manifested as peak in Rth vs φ shown in Figure 4(A).
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Fig. 5. Thermal conductivity of BCC foam (A) as a function of the relative density (1-φ) for a pore radius
of 0.25 mm and (B) as a function of pore radius at φ = 0.94. The radiation component of thermal
conductivity decreases with decrease in porosity, whereas the conduction component increases.
From (B), with an increase in the pore radius, the radiation component of thermal conductivity

increases whereas the conduction component stays nearly constant.

Fig. 6. APTF vs 1/Rth with foam material as the parameter is shown in this plot where lower left corner
indicates a better material. (A) Compressed melamine with uncompressed thickness 19.74 mm, another
uncompressed melamine with Lf = 50 mm (shown by a single marker-symbol), and BCC foam samples
with φ = 0.94, φ = 0.99 with Lf = 50 mm. (B) BCC foam samples with pore radius r = 0.25 mm, 0.5 mm,

1 mm as indicated and each curve contains varying porosity from φ = 0.94 to 0.99. This plot shows that
the combined thermal-acoustic insulation is better for a foam with lower pore-size.

3.3 Combined view of thermal and acoustic insulation
For evaluating the combined thermal and acoustic insulation performances, a two-dimensional plot

of APTF versus 1/Rth is considered. The plot of APTF vs 1/Rth with foam material as a parameter is
shown in Figure 6. In this two-dimensional plot, the material with best-combined insulation would lie in
the lower left corner where APTF and 1/Rth are both low. Hence this plot provides a guideline for material
selection.
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Among the two materials evaluated in sections 3.1 and 3.2, the uncompressed melamine foam has
reasonable thermal insulation and moderate APTF as seen in Figure 6.

As seen in Figure 6 (A), compressing the melamine foam slightly improves its APTF but worsens
thermal insulation by increasing 1/Rth. The BCC periodic foam with porosity range 0.94-0.99 and pore
radius 0.25 mm has better overall thermal-acoustic insulation than uncompressed melamine foam of the
same 50 mm thickness (Figure 6 (A)). However, note that it may not be possible to fabricate periodic foam
with 0.25 mm pore-size as of date, although this is expected to be possible with further advances in additive
manufacturing.  As mentioned earlier too, thermal-acoustic insulation also improves with thicker foam
samples, which may be seen in Figure 6 (A) by comparing uncompressed melamine of thickness 19.74
mm vs 50 mm. Reduction in pore size is better for both acoustic insulation (lower APTF) and thermal
insulation (lower 1/Rth) as seen in Figure 6 (B).

4. CONCLUSION
The need for thermal and acoustic insulation materials exists in many applications, including but not

limited to buildings, automotive, aviation, and others. When lightweight and higher strength-to-weight
ratio are required, porous materials are chosen for the purpose. Compressed melamine is a thermosetting
foam designed by Basotect that can be formed into complex shapes and could possibly fit into thin spaces
and is widely used. A two-dimensional view of combined thermal and acoustic insulation performance
is described in this article. Further, the possibility of designing porous material for combined thermal-
acoustic insulation is explored. Using the example of a designed BCC foam, it is shown that combined
thermal-acoustic insulation improves with decreasing the pore size (which may be limited by
manufacturing feasibility), using an optimum porosity as discussed in the article, and by choosing the
thickest sample that could fit into the available space in an application. The materials-by-design approach
to thermal-acoustic insulation could be further extended beyond the examples discussed in this article.
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ABSTRACT

The flexible narrow tube structures have been the subject of several publications with applications
in medical devices, mechanical structures, wire shields, and the food processing industry. Vibration
analysis of such structures requires modal parameters, material properties and external load. The
modal parameters can be measured by employing either contact or non-contact type excitation
sources. For the thin, flexible structures, it seems quite challenging to use contact type excitation
devices such as impact hammer or shaker. Also, other challenges arise for vibration measurement
on thin walls using a contact-type sensor such as an accelerometer. Thus, this study engaged in
the use of acoustic source as a non-contact vibration excitation and laser vibrometer as a non-
contact vibration response measurement. An experimental test setup is developed to measure the
natural frequencies using a modified acoustic Impedance tube that generates acoustic excitation
in the desired frequency range. A laser vibrometer is used to measure the vibration response of
the tube wall. In addition, a numerical model is developed based on finite element methods to
estimate the natural frequencies and mode shape to support measured results. A systematic
parametric study conducted to understand the effect of structural parameters such as diameter,
length, and periodicity in the structure.  Consequently, the results in the paper will assist in
understanding the study of vibration response of the thin, flexible structures, where the
conventional contact-type excitation source and contact-type sensors have limitations.

1. INTRODUCTION
Narrow flexible tubes are employed in medical and industrial applications. The vibration response

of these tubes under dynamic excitation is one of the research topics in structural-acoustic coupled
problems[1]. A first step in the dynamic characterization is the measurement of modal parameters such
as natural frequencies, mode shapes, and damping.  The flexible narrow tube structures have very thin
walls and measuring modal parameters of such structures is quite challenging using contact type excitation
methods like shaker or impact hammer. Similar challenges exist for measuring vibration response on thin
walls using a contact-type sensor such as an accelerometer.

Modal parameters of flexible structures are sensitive to a small change in either geometry or boundary
condition, and hence the measurement of vibration response of such structures becomes quite ambitious
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as discussed in Mehmet Avcar[2]. Hence, the measurements of the modal parameters of these structures
required a controlled environment. Farshidianfar A. et al. discussed a theoretical and experimental analysis
of a long circular cylindrical shell[3]. They used non-contact acoustical excitation instead of contact
excitation. It was demonstrated that only one acoustical source location is sufficient to excite all modes in
the interested frequency range instead of multiple excitation points used in contact methods. Hence, the
current study also focused on the use of non-contact acoustic excitation method rather than traditional
contact type ones.

The main aim of the present work is to measure the dynamic response of narrow flexible tubes in a
controlled environment with non-contact type excitation and response measurement methods. To carry
out the measurements, a plane wave acoustic excitation was generated using an impedance tube setup
discussed in reference[4], while vibration response of the tube is measured by laser vibrometer[4,5]. The
non-contact vibration measurement method is appropriate for lightweight structures. Laser Doppler
Vibrometry (LDV) is presently the technique that offers the finest displacement and velocity resolution
used in many fields of basic science. The consideration of velocity data interpretation for lightweight
structures has advantages over displacement[6,7].  Hence, vibration velocity of the structure was measured
rather than displacement using LDV. The complete experiments were carried out under a free-free
boundary condition, and the surrounding environment was ensured quiet to minimize the effect of
background noise.  A finite element method is used to compare the measured results with predicted
ones[8,9]. A systematic parametric study was conducted to study the effect of diameter, length, membrane,
and periodicity. The test methodology and results presented in this work become the basic framework
for measuring the vibrations on the structure where contact type excitations and measurement techniques
are not feasible to use.

1.1 Experimental setup and methodology
Figure 1 shows the schematic of the experimental setup used to measure the vibrations on the thin,

flexible, narrow tube while the experimental setup and a closer view of the thin polypropylene straw
sample is shown in Figure 2. The test sample tube was hung freely by two thin threads to achieve the
free-free boundary condition during measurements. The periodic random noise generated by two different
size impedance tubes to cover a different frequency range of excitation. The larger diameter impedance
tube (φ 100 mm) used to generate the plane wave excitation in the frequency range of 63-1600 Hz, and a
smaller size (φ 30 mm) impedance tube was used to provide acoustic excitation in the frequency range of
800-6300 Hz.

Fig. 1. Schematic diagram of the experimental setup
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Two microphones were flush-mounted in an impedance tube which provides measured pressure data
for calculating acoustic input power.  Speaker was mounted at one end of the impedance tube, and another
end was exposed to the test sample as shown in Figure 2.

Vibration velocity response as a function of frequency was measured on the tube wall surface by using
a POLYTEC laser vibrometer. Laser vibrometer consists of a laser pointer that produces a visible red beam
(l = 0.6328 µm) and has a maximum velocity range of 0.5 m/s, and minimum resolution is less than 0.05
microns/sec[5,10]. A sensitivity of 5 mm/s/V was used to sense the surface vibrations in the form of velocity
because the tube vibrations due to acoustic excitations would be minimal and needed to be sensed with
high accuracy.

Two different data acquisition (DAQ) systems were connected to a computer for further post-
processing.  One DAQ was used to measure input acoustic power. The same system was used as a function
generator to provide signal input to the speaker connected to the impedance tube. The second DAQ system
was used to measure the vibration response of laser vibrometer. However, these two DAQ systems were
triggered from one computer. These two DAQ system functions can be integrated into one DAQ system
in the future while developing customized measurements. The complete experiment was performed in a
quieter room to avoid the effect of background noise and multiple reflections of sound.

1.2 Description of test samples
A polypropylene tube samples with four different diameters and three different lengths are considered

to study the effect of the geometry on modal parameters. Also, structural features like the addition of
membrane and periodicity in the structure were studied. A radial mode is one of the critical vibration
modes to be identified for acoustic-structural coupled problems. The vibration measurements were carried
out at a single point and chosen the middle of the sample length as a measurement location. However,
the same measurement methodology can be conducted along the length and circumference for mode shape
creation and curve fitting algorithms for modal parameter extraction.

Three different lengths (L) of 17 mm, 34 mm and 40 mm are considered, while the diameters (D)
include 4 mm, 5 mm, 6 mm, and 10 mm. Two different wall thickness of 0.1 mm and 0.15 mm are
considered in this study. Geometric details of the twelve test samples specified in Table 1. A nomenclature
is introduced to find each sample based on the dimensions. It can be read as an example of "L17D4W1"
which means length (L) of 17 mm, diameter (D) of 4 mm and wall thickness (W) of 0.1 mm.

1.2.1 Inclusion of membrane between two narrow tubes

To understand the effect of the membrane, two narrow tube samples with the same diameter and
length of 17 mm are glued with a membrane in a back-to-back arrangement, as shown in Figure 3. This
configuration is considered a single narrow tube with a length of 34 mm with a middle membrane. The
notation for a sample is given as L34D5W1M. Free-free boundary conditions are created for the test sample
by hanging with thin thread, as shown in Figure 2. The vibration measurements were carried out on the
membrane as well as the tube wall.

Fig. 2. Test sample supported as a free-free B.C in the experimental setup
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1.2.2 Inclusion of periodicity

A complete periodic sample was developed from the tubes of 6 mm diameter and the central
membrane in-between layer of periodic tubes as shown in Figure 4. The complete length of sample was
34 mm while the diameter was 100 mm. The periodicity in the experimental model was achieved by two
layers of straw core attached with a central polypropene membrane having thickness of 0.1 mm. The
individual layers of straw core were obtained by wrapping the straw sample with cello tape in circular
manner to obtain the 100 mm diameter sample. The vibration measurement was carried out on the
membrane at various points of this periodic sample.

1.3 Numerical modelling
Numerical modal analysis using commercial Finite Element Method software (ANSYS) was performed

to calculate natural frequencies and mode shapes of the selected experimental configurations. The predicted
numerical results are compared with experimental results. For numerical analysis, the entire structure

Table 1.  Dimensions of different narrow tubes used in an experimental study.

Sample No. Length (mm) Diameter (mm) Wall thickness(mm) Notation

1 17 4 0.1 L17D4W1
2 34 4 0.1 L34D4W1
3 40 4 0.1 L40D4W1
4 17 5 0.1 L17D5W1
5 34 5 0.1 L34D5W1
6 40 5 0.1 L40D5W1
7 17 6 0.1 L17D6W1
8 34 6 0.1 L34D6W1
9 40 6 0.1 L40D6W1
10 17 10 0.15 L17D10W1.5
11 34 10 0.15 L34D10W1.5
12 40 10 0.15 L40D10W1.5

Fig. 3. Schematic Representation of glued straws in a back-to-back
arrangement with a membrane in the middle
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was discretized into elements on which boundary conditions or loads were applied[10]. The tube wall
surface was discretized with Shell 63 elements.  A mapped mesh was created by providing 100 divisions
in the longitudinal and 20 divisions in circumferential directions. Free- Free boundary conditions were
applied in the analysis.  Polypropylene material properties shown in Table 2 were used for analysis and
the material was assumed as isotropic. The Block-Lanczos modal extraction method was used in the
analysis, and modes were extracted up to 6300 Hz[11]. The geometry and meshed model used for numerical
analysis of a single flexible narrow tube are shown in Figure 5.

Table 2.  Properties of tube used in the numerical analysis.

Material Density (kg/m3) Young's modulus (GPa) Poisson's ratio

Polypropylene 1200 1.15 0.4

Fig. 4. Periodic straw sample of 100 mm
diameter with the membrane at middle

Fig. 5. (a) Geometric model
(b) Meshed model of the tube sample

Numerical modal analysis of the narrow flexible tube with
the middle membrane was performed to calculate modal
parameters. This sample modelled with the help of a previous
single narrow tube (referred to as a unit cell) model, and the
same unit cell copied in the negative direction, and the
membrane was created with the area tool. The whole sample
was glued together to form a narrow tube with a middle
membrane. The dimensions of tube were a total length of 34
mm, a wall thickness of 0.1 mm, and a diameter of 5 mm. A
membrane wall thickness of 0.1 mm was considered for the
study. The complete structure was having an equal wall
thickness of 0.1 mm in all directions. Figure 6(a) and Figure
6(b) shows the geometric model and meshed model of the
structure considered for analysis.

The periodic arrangement of narrow tubes with middle membrane structure created using a unit cell
as mentioned previously. The unit cell of circular tube diameter of 5 mm, 17 mm length, and 0.1 mm
wall thickness was copied at a position so that the surface of a unit cell will match the opposite surface of
the copied unit cell[1] as shown in Figure 6(a). The membrane between two layers of periodic structure
was 0.1 mm thick. The same configuration was considered for the experimental study also. The meshing
was done considering the same mesh parameters as taken for a single cell and the boundary condition

Fig. 6. (a) Geometric model (b) Meshed
model of the single circular tube

sample with the membrane at middle
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assumed was free-free. Full test sample dimensions of 100 mm diameter were considered for analysis
instead of periodic boundary conditions applied to the unit section due to finite dimensions. The geometry
and meshing of a complete periodic sample of 100 mm diameter are shown in Figures 7(a) and (b),
respectively.

2. RESULTS AND DISCUSSION
By using plane-wave excitation, the vibration velocity was measured for 12 configurations of single

narrow tubes, as mentioned in Table 2 under the free-free condition and are shown in Figure 8. The
measured vibration response shows the peak values in the frequency range above 1000 Hz except for
10 mm diameter narrow tubes. The primary assumption in this method is the peak value in the response
is associated with a natural frequency. However, this assumption needs to eliminate by implementing
curve fitting methods in future work. The focus of the current study is to find the fundamental frequency
by experimental method. From the results, it is observed that the increase in diameter of the straw causes
the fundamental mode to shift towards the lower side and vice versa, as shown in Figure 8 and Table 3.
For a change in length keeping diameter same, the natural frequency does not change for the considered
samples. The longitudinal or bending modes are on the higher side and for considered cases, the radial
modes which are independent of the length dominate as fundamental modes. The bending mode of case
3 (Sample, L40D4W1) could not find the fundamental axial mode in an experiment. It may be due to the
amplitude of vibration being small at the single point measurement location. For sample number 4
(L17D5W1), the first two modes are closely spaced and cannot distinguish them in experimental results
compared to numerical results.

Table 3 shows the comparison of fundamental natural frequency results obtained by the experimental
and numerical methods for single circular tube samples. Here, the sequence followed for sample number
is the same as in Table 2. The percentage error calculated is to cognize the deviations in results obtained
by experimental and numerical results. The experimental outcomes are considered as a reference to
compute the percentage error.

Comparing experimental and numerical natural frequencies of the first two modes indicates that the
numerical method results are in good agreement with a maximum absolute error of 7.2%.

Table 4 shows the predicted first two mode shapes of single flexible narrow tubes. It is observed from
numerical results that the fundamental mode is radial mode except in case 3, where the bending mode is
fundamental. Results show that the radial modes are independent of the sample's length and depend only
on the diameter. It could be observed that as the diameter of the tube increases the radial natural frequency
reduces. As the diameter reduces, and length increases, the bending mode starts dominating as
fundamental mode (case - c).

Fig. 7. (a) Geometric model (b) Meshed model of the 100 mm periodic straw sample
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Fig. 8. Vibration measurement on different tube samples as per sequence given in Table 2
(a) L17D4W1, (b) L34D4W1, (c) L40D4W1, (d) L17D5W1, (e) L34D5W1, (f) L40D5W1, (g) L17D6W1, (h)

L34D6W1, (i) L40D6W1, (j) L17D10W1.5, (k) L34D10W1.5, (l) L40D10W1.5
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Table 3.  Validation of results obtained for single circular straw samples without membrane at middle.

Sample No. ωExperiment (Hz) ωFEA (Hz) % Error

a 3305.3 3452.4 4.4
3779.0 3504.3 7.2

b 3380.7 3456.3 2.2
3800.6 3760.2 1.0

c - 2830.7 -
3423.7 3456.8 0.9

d 2207.1 2186.9 0.9
2242.8 1.6

e 2207.1 2189.9 0.7
2594.7 2781.8 7.2

f - 2190.2 -
3413.0 3450.3 1.0

g 1518.0 1508.1 0.6
- 4263.7 -

h 1528.8 1510.5 1.19
2411.7 2494.6 3.4

i 1507.3 1510.8 0.2
3832.9 4015.2 4.7

j 581.3 535.1 7.9
1528.8 1513.9 0.9

k 570.6 536.42 5.9
1431.9 1516.9 5.9

l 570.6 536.6 5.9
1518.0 1517.1 0.05

2.1 Effect of membrane in a flexible narrow tube
The measured vibration velocity response on

flexible narrow tube walls shown in Figure 9.  As
discussed in the previous section, a single straw
sample without membrane shown the fundamental
natural frequency at 2207.1 Hz (Refer Figure (8 - e))
and the same predicted in the numerical analysis for
sample L34D5W1 as 2189.9 Hz. The addition of
membrane shifts the first peak to 1528.8 Hz. This is
because the addition of membrane (change in mass
and stiffness) into the structure leads to a change in
the configuration of a tube. The peak obtained at 1528
Hz, also observed that the fundamental mode shapes
represent the complete tube configuration, not local
membrane mode.  The subsequent peak frequencies
at 1933.9 Hz, 4288.1 Hz, and 5181.8 Hz are
representing higher-order modes of the complete
tube configuration.

Fig. 9. Vibration measurement on the
single flexible narrow tube with a membrane

in the middle (L34D5W1M)
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Table 4.  Natural frequencies and mode shapes for a single circular narrow flexible tube sample.

With the addition of membrane, the numerical results are also shifted towards the lower side than
the results of a simple tube sample (L34D5W1) of the same configuration without a membrane as shown
in Table 4 (sample 5).

Table 5.  Natural frequencies and mode shapes for a single circular narrow tube sample
(L34D5W1 M) with a membrane in the middle.

Fn1 = 1533.1 Fn2 = 1944.3 Fn3 = 4296.0 Fn4 = 5189.7
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Table 6.  Validation of results obtained for the single circular straw sample with a membrane.

ωExperiment (Hz) ωFEA (Hz)  Error (%)

1528.8 1533.1 0.28
1933.9 1944.3 0.53
4288.1 4296.0 0.18
5181.8 5189.7 0.15

Table 5 shows the predicted natural frequencies and corresponding mode shapes of the considered
tube sample. Table 6 shows the comparison of experimental and numerical results of fundamental natural
frequencies. It is observed that error is less than 1% and there is a good agreement.

2.2 Addition of periodicity in the narrow circular
tube with membrane in middle

This study emphasis on the discussion of the
measurements performed on membrane only and not
on the tube walls. The vibration measurement was
carried out on the membrane at various points of the
structure. Large-sized (100 mm diameter) impedance
tube was used to generate plane wave excitation, and
the interested frequency range was up to 1600 Hz.

Figure 10 shows that the addition of periodicity
in the structure further disturbs the natural
frequency and shifts it towards the lower side than
that of the structure without periodicity and a
membrane.

The natural frequency and first three mode shapes obtained by the numerical method are shown in
Table 7. It is observed that overall structure modes are membrane dominant. The fundamental natural
frequency reduced drastically as compared to a single narrow tube with and without membranes. Here,

Fig. 10. Vibration measurement of the periodic
straw sample with the membrane in middle

Table 7.  Natural frequencies and mode shapes observed in numerical analysis for straw configuration.

Fn1 = 75.34 Fn2 = 146.19 Fn3 = 215.63 Fn4 = 215.66 Fn5 = 299.3
Hz Hz (Axial) Hz Hz(Axial) Hz
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Table 8.  Comparison of results obtained by the experimental and numerical
method for 100 mm periodic circular sample.

ωExperiment (Hz) ωFEA (Hz)  Error (%)

96.8 75.3 22.1
- 146.2 -

226.0 215.63 4.8
- 215.65 -

333.76 299.3 10.3

the mode shapes associated with axial variation (such as mode shape at 146.19 Hz) captured in the
numerical model are missing in the measurements. So, it is better to do the measurements on the tube
wall and membrane surfaces together.

Table 8 shows the comparison of experimental and numerical modal natural frequencies. The
measurement error for fundamental natural frequency is more than 10%; however, the absolute frequency
difference is not much. As the structure is periodic, the effect of membrane and change in each individual
tube's functional boundary condition results in the natural frequency shifting towards a lower frequency
compared to the single straw sample. Some of the modes were not captured in the experimental analysis
as shown in Table 3 and Table 8, because these modes are symmetrical.

3. SUMMARY
The non-contact vibration measurement method has been discussed to find the natural frequencies

of thin, flexible narrow tubes. An experimental setup has been developed to provide vibration excitation
to the flexible narrow tube using an acoustic plane wave.  The plane wave is generated by a speaker
connected to a tube. Two different size tubes are considered for generating various frequency ranges.
Vibration measurements were done using a non-contact laser vibrometer. The measured vibration response
is used to find the natural frequency of the test sample. Three configurations were chosen for a test. The
first configuration is a narrow circular tube with different diameter, length, and thickness. The second
configuration is narrow circular tubes with a middle membrane, and the last configuration is an
arrangement of narrow flexible tubes in a periodic manner with a central membrane.

A numerical modal analysis has been done to find the natural frequencies and mode shapes for chosen
test sample configurations. The comparison between experimental and numerical results of the first few
natural frequencies are shown a fair agreement. It was observed from the parametric studies that natural
frequencies are reduced by introducing membrane and periodicity of single flexible narrow tubes. The
fundamental natural frequencies of the tube are inversely proportional to its size (length, diameter).

The current manuscript provided preliminary results based on peak identification method from
measured vibration response. However, further studies are needed to implement the traditional curve
fitting methods to extract modal parameters. The proposed non-contact measurement method can be
applied to measure the free vibration characteristics of thin structures like filter papers and thin membranes
of acoustic meta materials where traditional contact type excitation and sensors may not be feasible to
use.
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ABSTRACT

The development of anechoic linings is integral to the study of underwater acoustics. It has been
observed that the present linings are designed to suit a single application. In this study, acoustic
absorbers made of functionally graded viscoelastic materials (FGVMs), obeying the power-law
variation, have been analytically investigated using a transfer matrix approach. A few geometric
parameters and three key material properties were suitably varied along the thickness of the lining.
The optimal values of these properties have been obtained by means of a single-objective genetic
algorithm. A novel objective function has been developed which takes into account the highly
conflicting requirement of obtaining the optimal transmission loss and echo reduction. The
encouraging results obtained through the optimization process assisted in developing a set of
guidelines for the selection of underwater acoustic linings to suit the application.

1. INTRODUCTION
Underwater vehicles delving deep into the sea are coated with acoustic linings for stealth. These

vehicles are subjected to high pressures (~ 4-5 MPa for every 500m), making it vital for the linings to not
only retain the geometrical integrity but also to maintain the designed acoustic characteristics. Owing to
their high incompressibility, viscoelastic materials are usually employed for such kind of applications.
Vibro-acoustic response of these linings has also been shown to be frequency-dependent. However,
researchers continuously strive to achieve better performances over wider ranges of frequencies. By
controlling the material properties, this objective can be achieved. Functionally Graded Viscoelastic
Materials (FGVMs) are known to offer the liberty of smooth and continuous transition of their properties
as a function of spatial dimensions. By appropriately controlling the variation in these material properties,
the acoustic wave can be expected to see a gradual change of acoustic impedance while propagating
through the lining that joins different zones of highly different characteristic impedances. This aspect of
gradual change of impedance can be effectively used to control the reflection, transmission and absorption
of acoustic waves in the lining. The present study focuses on exploiting the above mentioned flexibility
in controlling the properties of FGVM for designing better anechoic linings.

A thorough literature survey shows that the literature on FGVMs is scarce. However, FGVMs possess
properties much alike those of the generally used Functionally Graded Materials (FGMs), and therefore
an investigation of the behaviour of the FGMs is imperative. A broad survey of the literature points to a
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fact that the acousto-mechanical characteristics of an FGM lining not only depend on the gradation of its
material properties, but also on the factors like size, position and operational frequency. Hence the study
of wave propagation through FGMs is vital for the analysis of acoustic linings. In this regard, various
numerical and analytical models to analyse the vibration and wave propagation in FGMs have been
developed in the past[1-6]. These studies, however, have approximated the FGMs as multi-layered media,
and the material properties within a layer are expressed either through linear or quadratic functions. This
approach poses a difficulty in accurately approximating the material properties of the constituent particles
within the volume composition. Another difficulty in studying the wave propagation in FGM linings comes
from the different type of boundary conditions that these linings may have. Chiu and Erdogan[7] have
tried to address this issue while analysing wave propagation in different combinations of functionally
graded materials such as nickel/zirconia and aluminium/silicon carbide with varying boundary
conditions. Under the influence of various boundary conditions, the acoustic wave propagation in the
linings can be considered to possess the similar nature as that of propagation of stress waves in the material.
Analysing from this angle, the effects of variation of material properties on stress wave propagation has
been investigated by Moghaddam et al.[8] and it has been shown that the resulting stress field can be
controlled by suitably controlling the grades along the thickness. The sound transmission loss (TL) is an
important parameter to characterize the effectiveness of the lining. Chandra et al.[9] evaluated the TL of
the FGM plate for several incidence angles and various power law distribution for representing the material
gradation. Researchers have also used the transfer matrix method, a highly efficient 1-D approach, to obtain
the TL by analysing the elastic wave propagation. This method has been extended for the study of a non-
homogeneous domain where in the TL for the locally periodic structures has been evaluated using the
Chebyshev polynomials[10]. All the above methods generally employ certain assumptions to make the
linings bounded. However, some applications mandate the sizes of the linings, so they can be considered
as unbounded panels. Hence analytical models to study the sound transmission through various
unbounded panels too have been developed through matrix manipulation and Fourier component
analysis[11]. Thus, the transfer matrix approach can be suitably adopted for the analytical investigation of
the FGM linings, and with the variation in the material properties, the performance can be improved.
The present study has tried to apply both the above mentioned approaches depending on the requirement.

While the majority of the studies have focused on predicting the acoustic performance of the linings
by considering its physical and geometrical characteristics, it is also important to obtain the optimized
values of these parameters. Numerous studies[12-15] have been conducted for the optimization of the
acousto-mechanical properties of the structures. For instance, Genetic Algorithm (GA) has been used to
optimize the parameters of the viscoelastic layer[16] and sandwich panels[17] under normal incidence for
reducing the reflection of the acoustic wave. While GA has proved to be a powerful tool in obtaining the
best possible parameters, the topology optimization method too has been found effective in the
optimization studies. To cite a literature that has been of use in the present study, Zhang and Kang[18]

carried out research on reducing the resonant noise and vibration in shell structures by minimizing the
sound pressure at a point, and provided an optimal distribution of the damping material in the structure.
Recently optimization of the acoustic characteristics has been done by Li and Li[19]. They have employed
optimization techniques by taking the reflection coefficient as the objective function under zero
transmission backing condition and formulated a relation between sound absorption of anechoic coating
and optimum material distribution in the material. Literature are in abundance in the domain of
optimization but it is evident that the focus has primarily been on optimizing the geometrical parameters,
while the influence of material property distribution on the underwater performance still remains
unexplored.

In the present study, an analytical formulation using transfer matrix method has been adopted to
investigate the acoustic characteristics of the linings. By taking the advantage of flexibility in defining the
material properties of FGVMs, optimization of some of the crucial material parameters has been carried
out to meet the requirements of a superior underwater anechoic lining.
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2. PROBLEM FORMULATION
The present study focuses on three major phenomena which occur when a lining is subjected to an

acoustic wave : reflection, transmission and absorption, as shown in Fig. 1. It is a well-known fact that
high frequency noise from internal machinery of underwater vehicles are hardly transmitted through the
thick hull. However, it is quite difficult to avoid the transmission of low-frequency noise (100 Hz - 2 kHz).
On the other hand, reflection of the waves from active sonar should be avoided for increasing the stealth
of the vehicle. The above two phenomena are usually quantified by two parameters: Echo Reduction (ER)
and Transmission Loss (TL), given by

1010 log inc

ref

W
ER

W

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

 ;  1010log inc

trans

W
TL

W

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
(1)

where Winc, Wref  & Wtrans represent the incident energy, reflected energy and the transmitted energy,
respectively.

Fig. 1. Concept of Wave Propagation Fig. 2. Typical configuration of simple-FGVM
acoustic lining

While the former is used to quantify the effectiveness of a coating to avoid the reflection of any sound
wave that impinges on it, the latter is used to quantify the degree of obstruction of any sound through
the layer. Both of them represent a fraction of the incident energy, and the objective is to maximize both
of them requires highly conflicting approaches. An efficacious way of simultaneously achieving these
contradictory objectives is by maximizing the absorption of the acoustic wave inside the lining. The
absorption coefficient of a material that depends on the damping property of the material can be given
by:

2 22 1 R Tα = − − (2)

here, R is the power reflection coefficient and T is the power transmission coefficient which are related to
ER and TL defined earlier.

In order to investigate the above acoustic parameters, an FGVM layer of thickness h, submerged in
water, and subjected to a harmonic wave impinging on the surface, as in Fig. 2, is considered. Such a
configuration is termed as simple-FGVM as opposed to other configurations that will be taken in the
subsequent sections. Considering the most prevalent conditions, only the waves normal to the surface
are considered. The transverse dimensions of the plate, in x- and y- directions, are assumed to be infinite
due to larger lateral dimensions as compared to the thickness. The Young's modulus, density and loss
factor are defined as functions of thickness: E = E(z), ρ = ρ(z), and δ = δ(z), respectively, in order to represent
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the varying material property of the layer. The Poisson's ratio of the viscoelastic material is already very
high (≈ 0.4995) and hence its variation in that range will not have any significant role in altering the acoustic
characteristics of the lining. As such, the Poisson's ratio has been assumed to be constant along the thickness
throughout the current study. FGVMs can be classified on the basis of the functions defining the variation
in material properties. In this paper, FGVM following a material variation through power-law functions
(P-FGVM) has been considered.

2.1 Material properties of P-FGVM

The variation of material properties in P-FGVM is characterized by a power function and is given by
Eq. (3)

( ) ( )0 1 0

M

t
z

P z P P P
h

⎛ ⎞= + −⎜ ⎟
⎝ ⎠

(3)

where P1 and P0 denote the material properties at z=h, and z=0, respectively. This is based on the Voigt
model of the mixture to represent effective property of the lining as a function of a growth parameter Vc
which can be defined as a function of a non-dimensional distance between these surfaces[8]:
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For the present study, the growth parameter behaves as volume fraction as taken from[8]. The
parameter M, which is called the grading index, determines the rapidity with which the property changes
along the thickness. A sharp variation of a material property near the end surfaces can be achieved by
setting either a very small or a very large value for the parameter M. It can be observed that for M=1, the
behaviour of P-FGVM becomes linear.

As the lining under investigation has to be designed for underwater applications, at least one of the
two sides has been considered to be facing a semi-infinite domain of water and acoustic waves are assumed
to be impinging on this surface. The frontal layer in contact with water has been assigned appropriate
material properties with an intention to match the characteristic impedance to that of water. This enables
the layer to minimize the reflection by encouraging the incident wave to enter the lining. The properties
are thereafter varied along the thickness so as to attain maximum possible absorption of acoustic energy
without any substantial reflection.

2.2 Theoretical model
The acoustic performance of linings made up of the above mentioned FGVM can be analysed

mathematically by means of an analytical model. In this regard, the transfer matrix method is known to
be a very powerful tool in obtaining the three parameters: TL,
ER and absorption coefficient. Using this approach, the lining
has been divided into 'n' no of homogenous layers and each
layer has been given the corresponding properties defined by
P in the previous section. This yields a matrix formulation for
each such layer which are combined to obtain the required
parameters. A schematic of the division of the layers is
illustrated in Fig. 3, where T1, T2…Tn represent the transfer
matrix for each individual layer of thickness (lr). The variation
in the material property for a particular value of M can also
be observed in the figure.

As the proposed acoustic lining has been considered to be
infinite in lateral dimensions, compared to the thickness, the
problem can be idealized into a one-dimensional wave
propagation. Also since plane waves are considered in the
analysis, the plane of the wave-front is perpendicular to the

Fig. 3. Schematic representation of the
transfer matrix layers in FGVM



168 The Journal of Acoustical Society of India

Panigrahi et al.

z-axis. The governing equation of motion for the FGVM lining under consideration can thus be written in
the similar form as the 1-D wave equation[20].

2 2

2 2 2

1p p
z c t

∂ ∂
=

∂ ∂
(5)

where, p is the acoustic perturbation on pressure and c is the speed of sound in the medium and is given
by

E
c

ρ
= (6)

Here E is the Young's modulus of elasticity and ρ is the density of the medium.

As is known, the general solution to Eq. (5) is given by:

1 2( , ) jkz jkz j tp z t C e C e e ω−⎡ ⎤= +⎣ ⎦

and the corresponding particle velocity is given by
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where Z=ρc is the characteristic impedance of the medium and k is the wave number, given by k=ω/c,ω
being the angular frequency.

Considering steady-state sinusoidal variation of the temporal term, the following relationships are
obtained

p = A–jkz + Bjkz

and,

1
[ ]jkz jkzu Ae Be

Z
−= −

This leads to the formulation of the transfer matrix for the single layer of FGVM plate which can be
written as[20]:
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From Eq. (7), transfer matrix for the nth layer can be written as:
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kn is the wavenumber of the corresponding nth layer. The total transfer matrix can thereafter be evaluated
using all the individual transfer matrices, as follows:
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For a viscoelastic material, the complex modulus of elasticity is given by

( )' 1E E iδ= + (10)

is used. Here E' represents the storage modulus of the FGVM plate and δ is the loss factor. These two
quantities are evaluated using the relations for P(z) for different types of FGVMs defined in the previous
section.
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The Poisson's ratio (v) has been kept constant for the analysis, and the bulk modulus (B) and shear
modulus (G) are calculated as:
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where E0 is given by
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Thereafter the speed of sound, can be calculated as:
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and can be used to find out the wave number. Thus by knowing the thickness of each layer and the
corresponding wave number, the coefficients of the transfer matrix can be readily evaluated. It is
noteworthy that the speed of sound given by Eq. (6) is used when the cross-section of the medium is
comparable to the wavelength of the incident sound wave. Since in the current study, these dimensions
are considered to be infinite, the speed of sound has been evaluated by Eq. (11).

The impedances Zf  and Zb are given as[21]:

f b
f b

f b

p p
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here the subscripts f  and b denote the front interface and back interface respectively. Thus from the transfer
matrix, Zf is obtained as:
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and thereafter the TL and the ER of the anechoic layer can be evaluated by the following relations:
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here, R is known as the reflection coefficient and is given by:
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where Zw is the impedance of the water medium.

Finally, due to energy conservation, the sound absorption coefficient α can be calculated from Eq. (2).

3. OPTIMIZATION TECHNIQUE
As has been set earlier, the aim of the present work is to obtain an enhanced broadband TL and ER

spectrum for the linings. However, they are crucial over different ranges of frequency. Hence the desired
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performance should correspond to maximizing the areas under the TL and the ER curves separately. This
in turn is equivalent to maximizing the fraction of the total energy being absorbed by the lining. This
fraction can be expressed by means of the area under the spectrum of absorption coefficient (αa). Therefore,
while evaluating αa from Eq. 2, instead of using TL and ER, squares of the coefficients of pressure
transmission (αt) and pressure reflection (αr) should be used. It is noteworthy that while αt represents
the fraction of total energy transmitted across the lining, αr represents the fraction which gets reflected
from the lining.  So Eq. (2) now can be expressed as:

( ) ( ) ( )2 2 2
1 r tf f fαα α α= − − (16)

In order to exemplify the above discussion for a typical layer of FGVM material that is completely
submerged in water and having semi-infinite water on both sides, the TL and ER curves have been
evaluated and presented in Fig. 4. For such a condition, the transmission coefficient can be seen to be
starting from a very high value, of about one, at lower frequencies and it reduces quite sharply to attain
very low values at higher frequencies. It can be observed that the fraction of the transmitted energy drops
down to below 2% beyond about two kilohertz of frequency. This is highly undesirable as the internal
noise sources are known to be generated at such low frequencies and are unaffected even by the thickness
of the hull. Similarly, as can be observed from Fig. 4b, the reflection coefficient starts from very low value,
and increases to about 90% at nearly 2000 Hz. This is very typical of the performance of such plates inside
water. It can also be observed that for a given lining, the TL and ER are complementary to each other.
With the increase in one the other tends to decrease, and thus it is a conflicting requirement to maximize
both at the same time, as was discussed in the previous section.

Fig. 4. A typical variation of transmitted and reflected energy versus frequency
plotted as a fraction of the incident energy.

(a) Transmitted Energy (b) Reflected Energy

The corresponding variation of absorption coefficient with frequency is shown in Fig. 5. As depicted
by Eq. (16), this curve represents variation of the actual fraction of energy that is being absorbed by the
lining with respect to frequency for a typical plate in water and thus effectively describes the performance
of the lining.

The absorption coefficient, as shown above, can be seen to be a function of frequency. The requirement
is not only to have a very good absorption coefficient at any specific frequency, but to have the absorption
as high as possible over the entire range of operation. Therefore, instead of looking at low values of TC
or RC, it is desirable to make the area under these curves minimum. In other words, the area shown as
shaded region in Fig. 6 needs to be maximized.
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Hence, a very basic objective function can now be defined as follows
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However, as discussed earlier, inasmuch as the transmission loss is quite important in the low
frequency zone (<2000Hz) while the echo reduction is more important in the high frequency zone
(>5000Hz), a more appropriate objective function can be developed by multiplying separate weight
functions to each of these components as follows:
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In order to make the objective function represent the requirement more appropriately, let max
tf  be

defined as the cutoff frequency for TL below which we require the transmission to be as low as possible.
Similarly, let min

rf  be defined as the cut off frequency above which the ER has to be very effective. The
simplest condition could be to define step functions with the above mentioned frequencies as the band-
stop and band-pass cut-offs for wt(f) and wr(f), respectively, as shown in Fig. 7a. The shown functions can
be written mathematically as:
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However, such kind of weight functions exhibit discontinuity at the location of the respective cut-off
frequencies while it is desirable to have a smooth function over the entire domain. Therefore, this issue
can be resolved by introducing some sigmoid type function to represent the weights. Two such functions
are shown in Fig. 7b, and can be written mathematically as:
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where, λt and λr are constants which can play the role of controlling parameters in the optimization
algorithm to control the steepness of the transition near the cut-off frequencies.

Fig. 5. Variation of absorbed energy
versus frequency plotted as a fraction

of the incident energy.

Fig. 6. Definition of the objective function
for the problem at a hand
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Application of these functions on some representative RC and TC curve are shown in Figs. 8a and 8b.
Fig. 8a shows the effect of the weight function on two typical transmission coefficient spectra while Fig.
8b shows the same for some typical reflection coefficient spectra. The curve denoted by wt represents the
weight function with a smoothing parameter value of λt = 0.002 and the curve denoted by wr represents
the weight function with a smoothing parameter value of λr = 0.0006. This diagram clearly depicts the
effect of the weight functions on TC and RC in nullifying the contribution of the transmission loss curve
beyond the cut-off frequency. Moreover, it can be clearly observed that the weighted functions are
completely smooth and can be integrated as and when required.

Fig. 7. Suitability of various functions as weight functions.

(a) Unit step function as weight functions (b) Sigmoid functions as weight functions

Fig. 8. Effect of weight functions on the acoustic performance

(a) Effect of weight function on reflection
coefficient (RC)

(b) Effect of weight function on transmission
coefficient (TC)

For a given set of parameters, the effects of weighting functions on the actual absorption spectra are
shown in Fig. 9a. It can be observed that the area denoted by 'a' will be present for any configuration as
long as the weighting functions are fixed. The absorbed energy represented by this area is like a pseudo
area and it does not contribute to any actual absorption. This area is a consequence of the specific forms
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of the weighting functions, and is a result of the gap between the cut-off frequencies for  wt and wr. It
does not affect the process of optimization as this dummy area is not considered in the analysis. Similarly,
c is the area which is not contributing to any of the absorption of the energy as this area represents the
energy that is either getting reflected back or getting transmitted across the layer. However, the area b
represents an actual contribution from the presence of the material layer to absorption. It is thus quite
clear that with the given weight functions, the objective is to increase area b as much as possible since no
changes can be made to area a. Similarly, for another set of parameters, the actual absorption can be seen
to be quite significant as presented in Fig. 9b.

4. VALIDATION OF THE DEVELOPED OBJECTIVE FUNCTION
The suitability and adequacy of the developed objective function in achieving the set goal has been

evaluated by applying it to some well-known problems. These problems have been carefully chosen such
that their response spectra (represented through closed-form functions) are known to share vital statistical
characteristics with the developed objective function. As a matter of fact, the aim is not only to maximize
the area under the curve, but also to have the standard deviation as minimum as possible, for the presence
of any kinds of troughs and crests in the final curve tend to increase the standard deviation for the same
area under the curve. This is undesirable owing to the logarithmic nature of addition of acoustic spectrum.
Since the desired nature of the response spectrum of the chosen problem are well known and can be
quantified in terms of the standard deviation, it is expected that the developed objective function can be
validated by applying it on them.

From the current discussion, it is quite clear that to obtain the optimum response spectrum, while on
one hand, the area under the curve has to be maximized, on the other, the standard deviation has to be
minimized at the same time. This fits into the definition of a standard multi-objective optimization problem.
In the present study, authors have chosen Genetic Algorithm (GA) as their optimizing tool due to its ease
of use and its proven potential as an optimization algorithm. In line with this, the two-objective
optimization at hand has been converted into a single objective optimization problem. This has made the
process of optimization faster allowing more controlling parameters to be chosen over a wider search
space. Consequently, a fitness function has been defined by using a penalty factor optimization method,
given by:

obj ob j
F F βσ= − (21)

Fig. 9. Effect of weight functions on the absorption coefficient
(a) for one set of parameters, and (b) for different set of parameters
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where, F0bj is given by Eq. (18), β is the penalty parameter and σobj is the standard deviation of the objective
function.  A lower value of penalty factor signifies a greater bias towards F0bj and a higher value shifts
the bias towards the standard deviation. This trade-off between the compromised values depend on the
choice of  β. Two examples have been considered to demonstrate the effectiveness of the fitness function
in the subsequent sections.

4.1 Test Function-I
For the first level of validation, sin2(nx) has

been adopted as a test function whose integral can
be considered as Fobj which has been optimized
using the developed fitness function through GA.

Fixing the domain of this test function, which
in turn signifies a restricted search space, brings
out the actual strength of the developed fitness
function. For instance, it can be observed from the
Fig. 10 that both Fobj and σobj always remain the
same for any integer value of n if the domain is
set to the limits [0, 2π]. Focussing only on the Fobj
as the fitness function for now by taking β = 0 in
Eq. 21, a variation in Fobj can be observed for
irrational values of n as shown in Fig. 11a. It can
be seen that the maximum value of Fobj is obtained
in the search space [0.25 0.5]. The fitness function when optimized using GA comes out to be 3.8241 for n
= 0.3576 which has been validated to be in accordance with the result obtained from Fig. 11b.

Fig. 11. Plot of Fobj with n

Fig. 10. Plot of the three test functions

(a) Variation of Fobj for n=0 to 10 (b) Variation of Fobj for n=0.25 to 0.50

Thereafter, considering the value of β to be 1, and Fobj = 0, signifies that the fitness function, which is
now equal to σobj, has to be minimized. Thus, in the same search space, the optimal value of n can be
obtained following the same process as for the previous case. This yields the value of n to be 0.4156, at
which the fitness function is equal to 0.3287. The same has been analytically validated from the following
the current discussion on the validation of the developed optimization tool, the fitness function as defined
by Eq. (21), has been maximized for a non-zero β. For instance, taking β = 20, the value of n was found to
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Fig. 14. Plots of sinc function

(a) Curve of sinc(x) for n= 1
(b) Variation of key optimization

parameters with n

Thereafter, the optimization algorithm is applied, with β = 10, and the value of n was obtained to be
0.2660 at which the value of Fobj and σobj are obtained to be 3.866 and 0.3792 respectively, which can be
analytically verified from Fig. 15a. The plot of sinc(x) for optimum n is shown in Fig. 15b.

Fig. 15. Optimization of the fitness function for the test function-II

(a) Variation of the fitness function
in the search space

(b) Optimized plot of sinc(x) with n= 0.2660

5. RESULTS AND DISCUSSION
In an earlier section, an analytical model has been developed for obtaining the key parameters that

characterize the acoustic performance of the FGVM linings. In the present section, the study has been
extended to different types of configurations where these linings are employed for various underwater
applications. In order to validate the adequacy of this model in analysing the configurations under
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consideration, finite element based numerical simulations have been carried out. Considering the simplest
case of the lining, surrounded by water on both the sides, a 3-D model (as shown in Fig. 16), has been
generated. To simulate the same, the acoustic waves are made to impinge on the lining from inside a
semi-infinite water region. Perfectly matching layers (PMLs) have been imposed on the boundary surfaces
(Γn in Fig. 16), to avoid any reflection of the wave back into the model, and boundaries, denoted by Γp,
have been assigned a periodic boundary condition.

In order to obtain efficient acoustic characteristics over the entire range of frequency, the parameters
which have been used to define the variation of material properties are optimized. The fitness function
as defined in Eq. (21) has been maximized over the frequency range of [100 Hz 20 kHz], to obtain the
optimal parameters.

The material properties of the FGVM lining for the study are given in Table 1. As has been outlined
in a previous section, the Poisson's ratio for the lining has been kept constant and has been assigned the
value of 0.49 throughout the study.

In order to investigate the acoustic characteristics, a comparative study has been carried out on steel,
viscoelastic layer and FGVM layer, for the same thickness, as shown in Fig. 17. For this analysis, the FGVM
lining has been divided into n number of layers and each layer has been given different material properties
as per Eq. (3). The frontal layer has been assigned the properties that of the viscoelastic layer while the
back layer has been assigned the values of steel as given in Table 1.

This therefore assists in smooth propagation of the wave by gradually varying the impedance over
the interfaces. Fig. 17a validates the analytical model by comparing it with the results from a corresponding
3-D FE analysis.

Fig. 17a shows the advantage of using a FGVM material as an acoustic lining. When steel alone is
analysed, it has been observed that the RC remains at almost 100% for higher frequency ranges, while
the effect of using only viscoelastic material lowers if down to about 70%. On the other hand, the proposed
FGVM linings are found to have much lower RC of about 40% in the frequency bands of 9 kHz to 20

Fig. 16. Configuration of simple-FGVM Lining

Table 1.  Material parameters for single layer analysis.

Properties Steel Water Viscoelastic FGVM

Front Interface Back Interface

E (N/m2) 2.1 × 1011 – 1.4 × 108 1.4 × 108 0.7 × 108

ρ (kg/m3) 7850 1000 1100 1100 2200
δ – – 0.23 0.23 0.345
c (m/s) 6100 1500 – – –
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kHz. The index M for P-FGVM have been taken to be equal to 10, while the thickness of steel backing is
10mm. Out of all the three, the RC curve satisfies the criterion of the minimum fitness function as defined
by Eq. (21) for the FGVM lining for a suitable value of the penalty parameter. It is vital to examine the
effect of the proposed lining on the TC over its dominant frequency range.  Fig. 17b outlines the TC for
the three cases, and as expected steel layer shows a sharp fall in the frequency range below 2000Hz.

The analysis of simple FGVM has been done to project its potential utility as acoustic linings. But
such a simple FGVMs cannot be utilized in such a configuration. It therefore becomes necessary to analyse
the acoustic performance with a steel backing. The performance of such a single layer of coating is
investigated and validated with the existing results[22]. Here the square unit cell of thickness 50 mm, backed
by a 6 mm thick steel plate, has been considered. Fig. 18 shows the match between the two models.

Fig. 17. Underwater acoustic analysis of single layer of steel, viscoelastic and FGVM materials.

(a) Reflection Coefficient (b) Transmission Coefficient

Fig. 18. Validation of the numerical model with steel
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5.1 Optimized configuration of the lining
The previous section emphasized the utility of FGVM materials as acoustic linings for underwater

applications and presented the validations of the developed analytical models. However, the present study
is focused on cloaking steel plates of thicknesses of about 10mm, and therefore a configuration as shown
in Fig. 19 is considered next.

Fig. 19. Configuration of simple-FGVM Lining

The lining has been made to cover both the surfaces of the steel plate. This configuration offers an
advantage by allowing to vary the geometrical aspects of the lining towards the back interface without
affecting the drag which may develop due to such variations in the linings attached on the outer surface,
Further, depending upon the underwater application of such a configuration, the layer beyond the lining
and the backing may be considered to be filled with either water or air. For the analysis, the water on the
left boundary is considered to be semi-infinite while the thickness of the lining has been taken as 100 mm
while that of steel backing as 10 mm, respectively.

It has already been highlighted in a previous section that the material variation in the FGVM lining
follows a power-law. For the current configuration, the outer and inner linings have been assigned different
indices as M1 and M2, respectively. It is therefore vital for the study to investigate their effect on the

Fig. 20. Optimal selection of the grading index

(a) RC with varying M1, here, M2=0.1 (b) RC with varying M2, here, M1=100
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performance of the lining. As can be observed from Fig. 20, while keeping M2 constant, a better acoustic
characteristics, as can be quantified from the fitness function, is obtained when M1 = 100. Similarly when
M1 is kept constant, the optimal value of M1 obtained is equal to 0.01. This means that for such a lining,
the material property varies sharply at z = h for the frontal layer and at z = 0 for the inner layer. This
implies that the lining behaves as if having a viscoelastic layer with constant material properties for about
95% of the thickness. Therefore, it becomes important to analyse the effect of such a configuration where
the thickness of viscoelastic layer, with properties same as that of frontal layer, is taken to be 95 mm while
that of FGVM lining of 5 mm.

Fig. 21 shows the effect of employing such a configuration of materials as acoustic linings. In case,
where the two different materials were used, the lining behaves the same as completely viscoelastic
material with constant material properties neglecting the effect of the presence of the FGVM material.
The FGVM linings, on the other hand, offer better acoustic characteristics as it satisfies the criterion set
by the fitness function for the curve shown. Whilst, in its dominant range of frequency, TC falls more
sharply for the FGVM lining (Fig. 21b).

Fig. 21. Comparison between using only FGVM and lining with 95 mm
viscoelastic material and 5mm FGVM

(a) RC for the two cases (b) TC for the two cases

Now since the advantage of employing FGVM material for such an application has been laid, it
becomes important to evaluate the performance for the properties at the back interface. It has already
been mentioned that the FGVM material offers the flexibility to manipulate the material properties as
per the requirement, and after the selection of the function defining the variation, the only variable left is
the material properties at z = h for frontal lining and at z=0 for back lining. As such, Fig. 22 shows the
effect of the material properties defined at the back interface on the acoustic performance of the linings.
As can be observed from Fig. 22a, RC below 40% is obtained in the frequency range of 14 kHz to 20 kHz
for the cases when E2=10 E1 and E2=Esteel. On the other hand, RC falls below 40% at about 12 kHz in the
case when E2=0.5 E1, which also satisfies the criteria set by the fitness function.

The selection of the optimal parameters for the lining yielded in some exciting results in the mentioned
frequency domain, and it has been observed that a steel backing of 10 mm can be suitably hidden. But
the steel plate, intended to provide strength to the object, may have thicknesses suitable for its application.
It therefore becomes important to investigate the effectiveness of the acoustic lining for varying thickness
of the hull. As can be observed from Fig. 23, the proposed lining has the potential to camouflage steel of
thickness up to 30 mm in the frequency range of 14 kHz to 20 kHz. The RC drops down below 40% for
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Fig. 22. Selection of the optimal material properties at the back interface for the frontal layer

(a) Variation in RC with change in
Young's Modulus

(b) Corresponding variation in
TC at the back interface

Fig. 23. Variation in the acoustic characteristics with the variation in thickness of steel.

(a) RC for varying thickness of steel (b) Corresponding variation in TC

all the three cases in the frequency range of 12 kHz to 20 kHz. For the stealth of steel greater than 30 mm,
the penalty parameter in the fitness function can be suitably varied as per the requirement to obtain a
new set of optimal parameters.

Variation in thickness impacts the overall weight of the designated underwater object and therefore
offers a constraint. As such, an analysis on the optimal value of the thicknesses of both the frontal layer
and the back layer is necessary. It has been shown that two FGVM layers of 100 mm each can camouflage
steel hulls of thickness upto 30 mm. Therefore, the variation is now made from 10 mm to 100 mm at both
the layers. Fig. 24 shows the corresponding acoustic characteristics and it can be observed that RC increases
to above 80% in the frequency range of 8 kHz to 20 kHz when the thickness of the lining is reduced to
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Fig. 24. Variation in the acoustic characteristics with the variation in thickness of the lining.

(a) RC for varying thickness of linings (b) Corresponding variation in TC

10mm. Similarly, the acoustic performance deteriorates even for h=50 mm. Therefore, the thickness which
can offer a good performance is 100 mm.

It has already been mentioned that the layer beyond the linings can either be considered to be that of
water or air. Therefore, to study the effect of the presence of air on the acoustic lining, an analysis has
been carried out and presented in Fig. 25. As can be observed the RC starts from 1 and falls suddenly to
below 40% at about 8 kHz. TC, on the other hand, becomes almost zero. This is because of the interface
of the lining and air layer, at which air provides a drastic impedance mismatch. However, unlike the case
with steel plates, there will be no phase shift in the incident wave. The major part of the energy which is
getting reflected is being absorbed by the lining, as can be seen in Fig. 26 and therefore the performance
remains somewhat unaffected in the frequency range of interest.

Fig. 25. Variation in the acoustic characteristics with air at the back interface

(a) Effect of presence of air on RC (b) Effect of presence of air on TC
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Fig. 26. Absorption Coefficient of the proposed linings in presence of air at the back interface.

6. CONCLUSION
The present work has resulted in outlining the advantage of using FGVMs for designing underwater

linings for various applications. In order to obtain a superior performance under the conflicting
requirements of achieving desired TC and RC over a broad range of frequencies, both the geometrical
and material parameters of P-FGVMs were suitably varied. An optimization algorithm coupled with GA
and an objective function has been developed. Initially, the applicability and effectiveness of the said
objective function has been demonstrated by applying it on some synthetic functions which share similar
statistical characteristics with the TC, RC and AC curves generally encountered in present times. The
process of optimization along with the chosen weight functions, when applied on acoustic linings generated
encouraging results. It has also been presented by means of an optimized configuration, that the RC below
40% can be obtained for a frequency range of 12 kHz to 20 kHz. The study has further shown that the
optimal selection of penalty parameter can yield results suitable for intended applications. All the results
have been validated against computational methods using commercially available software.
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